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Abstract

The paper describes the categorical semantics and type theory underlying a polynomial time
programming system called Pola. Pola is a reasonably expressive language which is functional
in style. It allows the declaration of polarized inductive data types (with safe recursion), and
of coinductive data. It has a polymorphic type system which ensures that every well-typed
program has its running time bounded by a polynomial.

While the main purpose of the paper is to prove that the language is sound and complete
for polynomial time programming, the proof that this is so involves a broader exploration of the
categorical semantics and type theories for lower complexities. In particular, in the course of
journey implicit type systems for PTIME (polynomial time), PSPACE (polynomial space), and
ELEMENTARY (elementary time) are discussed.

The paper introduces, corresponding to the categorical semantics, a series of polarized type
systems, on which the detailed bound calculations are performed. There are two systems which
are discussed in detail: simply typed Pola and bunched Pola. Polarized type systems separate
the world into opponent and player types: the simple system has an affine (closed) player world,
polarized inductive data, and coinductive data and we show that this system is polynomial
time sound and complete. Unfortunately, it is also well-known that this system is not very
expressive. This leads to the development of a system which has a more sophisticated affine
“bunched” type system for the player world. The bunched system is, in fact, too expressive:
it is PSPACE sound and complete. However, we show how it can be cut down to PTIME by
controlling the use of universal, coinductive, and higher-order types in the bunched contexts.
This allows one to guarantee polynomial time computation while retaining a significant gain in
expressive power.

The fact that the setting introduced here supports coinductive data distinguishes it quite
sharply from traditional settings for PTIME. In particular, the presence of coinductive data
(which must be lazily evaluated) allows one to show that P # NP as these types allow access
to distinguishing computations. The fact that setting has an implementation as a reasonably
expressive programming language, suggests it is a reasonable model of PTIME computation
worthy of further study.
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1 Introduction

It is well-known that having a (strong) natural number object in a monoidal category immediately
delivers all primitive recursive functions [21]. Therefore, to obtain settings which realize lower
complexities something quite drastic has to be done.

An attractive feature, however, of a natural number object is that, as an initial data type,
it arrives packaged with a universal property which enforces certain basic equalities on the maps
involving that type. In the initial models of a doctrine involving such a type, these equalities
become the basis for generating all the equality judgements. As computation is often viewed as
arising from initial settings, this native notion of equality is of considerable interest.

In dealing with settings with complexity below primitive recursive — here referred to as lower
complexity systems — our interest is not merely in the presence or absence of maps but also in the
notion of equality which they support. Therefore, we would like data, even in these settings, to
deliver a universal property and whence a native notion of equality.

This paper starts by describing how initial inductive data — together with their corresponding
universal property — can be organized to express lower complexity settings. This development
uses polarized strong categories, see [5], and the inductive and coinductive recursion principles
they support. It then moves to the type theories for these systems in order to establish a series
of bounding arguments which ultimately show how these systems can be used to express PTIME
(polynomial time), PSPACE (polynomial space), and ELEMENTARY (elementary time).

This development grew from the realization that the system of Bellantoni and Cook [2] for
describing PTIME had an immediate interpretation as a proof theory for a polarized logic. Polarities
were introduced by Girard [8] to classify the behavior of the logical connectives in his “constructive”
classical logic LC — an idea directly related to Andreoli’s notion of focusing [1]. Olivier Laurent
[16] further developed these ideas and quickly realized that there was a compelling connection to
games [17]: these and further references to related developments are described in [9)].

The general categorical proof theory for polarized logics and games is described in [6] and uses
the notion of a polarized category. A polarized category is simply a module!, however, viewed as
a categorical structure in its own right. Polarization is produced by the separation beween the
category which is the domain of the module (the “opponent” world) and the category which is the
codomain (the “player world”). While Bellantoni and Cook used the terms “normal” and “safe”
(respectively) for the two worlds of computation — rather than the game theory inspired terminology
used here — it was clear that they were employing the technique of polarizing to achieve separation
for computation.

Bellantoni and Cook’s system of safe recursion, which only considered binary natural numbers,
was a simplification of a slightly earlier system developed by Leivant [18] which had general inductive
data types and infinitely many tiers (although two sufficed). Both these systems allowed duplication
in their “safe” worlds and focused on controlling the recursion. The categorical doctrines and their
type theories we present here, however, use a further crucial idea introduced by Hofmann [12].
He realized that it was advantageous to assume that the player (or safe) world was affine — so
one cannot duplicate data. This allows one to restrict the “safe” or player world to constant
time computations (in context) and this makes it quite clear, as one is “iterating” (parameterized)

A module M : X — Y is variously called a profunctor, a distributor, a bimodule: it is equivalently a functor
M : X°? x Y — Set or a “bipartite” category consisting of the categories X and Y and in addition “cross maps”
running from the objects of X to objects of Y — but not in the reverse direction.



constant time computations, that one keeps within polynomial time.

Of course, a categorical doctrine which demands that the player world should be affine does
not exclude, as a model, a system which has duplication as well. Thus, the systems above are not
ruled out. However, Hofmann’s reason for insisting on an affine world was more fundamental: he
had observed that one could not allow certain reasonable patterns of recursion over trees — such as
counting their leaves (see section 3.6 and 5.5) — at the same time as allowing their duplication. This
is because, with duplication, one can easily construct an exponential size tree by simply repeatedly
adding a root node whose children are duplicates of the tree constructed so far. Counting the leaves
of such a tree, of course, then takes one outside PTIME. Leivant’s system evaded this problem by
favoring a recursion principle which did not permit one to count the leaves of a tree while Bellantoni
and Cook’s system simple did not consider trees.

There is, thus, a trade-off between the power of the recursion principle and allowing duplication
in the player world. In the systems presented here, the player world is essentially assumed to be
higher-order (affine closed) and this commits us to a powerful recursion principle and, whence, to
limiting duplication. Of course, we could have followed the approach of allowing duplication and
limiting the recursion principle. However, this approach is at considerable cost to expressiveness:
and this did not seem to serve the objective of providing a usable polynomial programming system.

The pursuit of expressive power, in fact, led us to deploy a programming construct called a
“peek”. This allows one to inspect data without actually using it. In the affine world, this really
allows one to have one’s cake and eat it and this — not surprisingly — enhances expressive power.
Indeed, the construct leads one to the boundary between PTIME and PSPACE and requires, in
order to fully express the type semantics, the introduction of lazy products into the p-world which
distribute over coproducts. On the type theoretic side, the introduction of these lazy products and
the necessity to express this distributive law requires a more sophisticated “bunched” system. The
resulting type system, with an unconstrained distributive law, is too expresive as it produces a
PSPACE sound and complete system. In order to recapture PTIME soundness it is necessary to
cut the system down (see section 6.3). Not surprisingly, perhaps, this is achieved by controlling
the use of “higher-order” types? in the bunched contexts. Categorically this corresponds precisely
to disallowing the distribution (with respect to the lazy product) of “higher-order” types over
coproducts.

The polarized type systems, introduced in this paper, correspond to the categorical doctrines
and are introduced primarily to support the detailed bound calculations required to establish sound-
ness of the initial models with respect to the various complexity classes. They are also the type
systems which underly the programming language Pola [4]. The bounding arguments rely directly
on the operational semantics which are introduced for evaluating programs (closed terms). Thus,
the arguments are ultimately about the number of steps involved in an evaluation and the size of
the structures required to support this evaluation.

It is reasonably to wonder whether we could not have relied on prior results, such as Cob-
ham’s characterization of PTIME or, indeed, on the existing systems for safe recursion, to supply
a more economical proof. We claim this really is not an option because the systems are really
quite different. It is interesting, for example, to consider what is involved in translating Cobham’s
characterization into the current system: rather disappointingly it appears that one is forced into
a completely uninformative machine level description and the same thing happens if one tries to

2In fact, these include higher order, coinductive, and universl types, see section 6.3.



translate, say, Bellantoni and Cook’s system. The source of difficulty is that both of these charac-
terizations rely implicitly on duplication: however, showing that duplications can be implemented
seems irretrievably to involve a low level argument which does not use to advantage any of the
more powerful features of our system.

The fact that the setting introduced here supports coinductive data distinguishes it quite sharply
from traditional setting for PTIME. In particular, the presence of coinductive data introduces
structures which are “lazily” evaluated (see particularly the Leivant trees LTree(Bool) in section
6.1). This means that one can “hide” computations with behaviors which cannot be predicted by
an evaluator. These hidden computations intuitively introduce a game or communication aspect
into the evaluation which allows one to show that, in this setting (given a reasonable interpretation
of these notions), P # NP because these types allow easy access to distinguishing computations.
These complexity aspects of the setting are briefly touched on and clearly deserve further attention.



2 The basic categorical setting

The basic categorical framework of this paper consists of a cartesian category X, a category Y, and
a module connecting X x Y — Y creating a polarized category [6] which is, in addition strong. The
category X will referred to as the opponent category (or opponent world) and the category Y
is referred to as the player category (or player world) while the module maps are referred to as
Cross maps.

Polarized strong categories are closely related to certain fibrations (over the opponent world).
This provides an alternative and compelling perspective on these setting which we shall, in par-
ticular, exploit to provide the corresponding type theory. This section, therefore, develops the
relationship to fibrations and also introduces a running example, R-sized sets, which illustrates
rather concletely the idea of the theory. Ultimately, we wish to examine the initial models of the
doctrines, however, to do this effectively requires the type theoretic machinery of the later sections
4 and 5.

2.1 Polarized strong categories

A polarized strong category consists of a cartesian category® X (the opponent world), and a
category Y (the player world), and a module M:

M:XxY—Y

equipped with a “strong” composition and “strong” identities for the module maps:

(X1,11) Ly, (X2, Y2) 55 Y3

(X1 % X, V1) L2 v, 1Y) 2y

which satisfy:
e Strong identities are natural: iyy = (1,y)iy, forany y: Y — Y’ in Y;

e The strong composition preserves the basic module structure: (f;f)y = f;(f'y), (1 X

x2,y)(f15 f2) = (21, 9) f1); (22, 1) fo, and (1 x 2, 1)((fy); f') = [; (z,y) f";
o (m,1)f=iy;f: (1 xX,Y)—=Y and (m,1)f = fiiy : (X x1,Y) — Y;

o (ax, 1)((f1; f2); f3) = f1: (fa; f3) : (X1 x (X2 x X3),Y) — Y.

In order to demonstate the connection to fibrations we shall want to consider a fixed opponent
world and a varying player world and to facilitate this we shall refer to a polarized strong category
with opponent world X as an X-strong category. An X-strong functor ' : Y — Y’ between
X-strong categories will then be an ordinary functor F : Y — Y’ and a morphism, also labeled F',

on cross maps such that:

(X,v) Ly

£(f)
—

(X, F(Y)) FY)

3Here this means having finite products. In fact, having a tensor suffices for the basic strong composition structure;
see [25].



which preserve the basic module structure (z, F(y))F(h)F(y') = F((x,y)hy’) and preserves the
strong composition and identities:

o Fiy) =ipw)

o F(f1;f2) = F(f1); F(f2)

Clearly the composite of two X-strong functors is again an X-strong functor. An X-strong trans-
formation between strong functors is an ordinary transformation between the ordinary functors
a : F'— F’ such that for cross maps h we have (1,«)F’(h) = F(h)a. We now have:

Proposition 2.1 X-strong categories, functors, and transformations form a 2-category, written
Str(X).
2.2 Fibrational interpretation

Given an X-strong category Y a fibration p : Y — X can be constructed?, called the bundle
fibration bun(Y), where the total category Y of this fibration is defined as follows:

Objects: pairs of objects (X,Y) € X x Y;

Maps: A map from (X1,Y7) to (Xs,Y2) is a pair (z,h), where z: X1 — Xs in X and h: (X1,Y7)
— Y5 is a module map;

Composition: let (z,h) : (X1,Y1) — (X2,Y2) and (2/, 1) : (X2,Y2) — (X3,Y3); then composi-
tion is defined by (z2/, (A, 1)(h; (x,1)h)) : (X1,Y1) — (X3, Y3);

Identities: (1x,(!x,1)iy): (X,Y) — (X,Y).

It is not hard to check that Y is a category and moreover gives rise to a fibration:

Proposition 2.2 The bun(Y) given by the projection functor p : Y — X defined by p(X,Y) = X
and p(z,h) = x is a fibration over X with a cleavage.

PRrROOF: For each map = : X — X’ and object (X',Y”) over X', the cartesian lifting is defined
as f = (z,(x,Diys) : (X,Y’) — (X',Y'). Indeed, f is cartesian over z as p(f) = x and given
g=(2,h): (Z1,Z3) — (X', Y’) such that z factors as 2z, there exists a bundle map m = (2/, h) :
(Z1,Z5) — (X,Y’) such that p(m) = 2’ and:

mf (2', h) (2, ('x, 1)iyr)
= (2'z, (A, 1)(h; («/, 1) (!x, Diyr))
= (z,(A,1)(h; (17, )iyr))
= (2, (A 1)(Ix!z, 1) (hyiyr))
= (2, (A, 1)(Ix!z,, 1)(mo, 1))
— (5,h) =g

Moreover, if m' = (2, h’) also satisfies these conditions, then z” = p(m') = 2’ and m'f = (2, ') =
g = (z,h), so h =1 and m is unique. O

4This is not the usual Grothendieck fibration from the module but uses the extra composition *;’

category in an essential way.

of an X-strong



Proposition 2.3 This assignment extends to a 2-functor bun : Str(X) — CFib(X) which, more-
over, preserves products.

PROOF: The preservation of products is immediate from the construction.
An X-strong functor F' extends to a cartesian functor F' on the fibration as follows:

FX)Y) = (X, F(Y))
F(z,h) = (z,F(h))

This preserves the cleavage as F/(z, (x, 1)iy) = (z, F(('x, 1)iy)) = (z, (x, 1)ip(yy) and is a functor
as:

F(lx,iy) = (1x,F(('x,1y)iv))
= (Ix,(x, F(1y))F(iy))
= (Ix,(x,1py))iry))

and:
F(z,h); P, 1) = (x,F(h))(«', F(I))
= (22, (A )(F(h); (z, 1) F(R)))
= (z2', (A, )(F(h); F((z,1)h')))
= (', (A D)(E(h; (2, DH))
= (o F((, 1) (s (2, D))
= F((z, h)(«', 1))

The cartesian lifting of a map z : X — X' in X'is (=, (!x,1)iy) : (X,Y) — (X',Y). This map
is preserved as F((z, (!x,1y)iy)) = (z, F(('x,1v)iy)) = (=, (!x, 1py))ir(y)). Therefore F is a
cartesian functor.

A X-strong natural transformation o : F' — G extends to a cartesian natural transformation
a: F' — G as follows: the components of the natural transformation are (1x, (x, 1)ay) : (X, F(Y))
— (X, G(Y)). It is easy to check that this in fact defines a cartesian natural transformation. O

Given any cartesian category X then X, itself, can be regarded as a X-strong category by letting
the cross maps be:
X 1 X X —h—> X2

(X, X1) —h—>X2

This makes these cross maps “maps in context”. Note that this makes f;g = ax(f x 1)g. A
X-strong functor F' then becomes a strong functor in the usual sense [15, 7, 25].

We now show that there is a functor in the reverse direction: that is, given any fibration (here
we consider fibrations with a cleavage) over a cartesian category X the fiber over 1 naturally forms
an X-strong category.

Proposition 2.4 There is a 2-functor pol : CFib(X) — Str(X).



PROOF: (Sketch) Let p : Y — X be a fibration with cleavage. Then we may build an X-strong
category on the fiber over 1, p~1(1), where one defines a cross map of the form (X,Y) — Y’ as
amap % (Y) — Y’ in Y. The strong identity maps are the identity maps in p~!(1). The strong

composition of (X1,Y) =!I% (V) L. ¥ and (X, Y') =I5, (Y) 2. Y" is given by lifting the first

map to the map (X; x X5,Y) R (X2,Y’) (as illustrated below) and composing with g:

(X1 X XQ, Y)

Xo

A morphism of fibrations F' : (p: Y — X) — (¢ : Y — X) consists of a functor F : Y — Y’
such that p = F';q which preserves the cleavage. The restriction to the fiber over 1 then defines
an X strong functor between the induced X-strong categories. Similarly a natural transformation
between a morphism of fibrations induces an X-strong transformation. O

Proposition 2.5 The above functors forms a Galois adjunction® bun - pol : Str(X) — CFib(X).

PRrROOF: (Sketch) The unit of the adjunction carries Y to the fiber over 1 in bun(Y):

Y (1,Y)
n:Y — pol(bun(Y)); if — i(ll,iyf)
Y’ (1,Y")

We need to show the following universal property:

Y i pol(bun(Y))
pol(H)

H 7

pol(A)

®This is an adjunction (n,¢) : F 4 G : X — Y with the additional property that F(n) is an isomorphism — or
equivalently G(e) is an isomorphism. Any such adjunction can be factorized as a reflection followed by a coreflection.



To do this we indicate how H? is defined on (x, f) € bun(Y ) usmg the lifting property (dotted
maps) of the fibration A and the definition (X, 4) :=!%(Y) € p~1(X) as above:
H@h
(X, Y) """"""" S > (X, Y,) (X/ Y,)
H(f) (L)
H(f) /
(1,Y7")

1%

X//’—\

S

This is clearly unique as the liftings are unique.

To show this is a Galois adjunction it suffices to check that bun(n) is an isomorphism: however,
this morphism of fibration is determined by its effect on the fiber over 1 and these fibers are
essentially the same category. O

The fact that there is a Galois adjunction between Str(X) and CFib(X) means that one can
identify a common full subcategory: the subcatgory of CFib(X) corresponds to “bundle fibrations”
while the full subcategory of Str(X) corresponds more prosaically to the X-strong categories in
which Y is already the fibre over 1 in bun(Y).

2.3 The category of R-sized-sets

This section introduces a concrete example which serves to illustrate the theory we are developing.
Let R = (R,+,-,0,1,<) be a size rig: that is an ordered (commutative) rig R with bottom
element 0 (that is 0 < r for all » € R), and order-preserving operations. The canonical rig we have
in mind is the natural numbers N (but R>¢ or Q> will also do).
The category of R-sized sets with polynomially bounded maps, denoted R-Setpy, is constructed
as follows:

Objects: an object is a function o : A — R. We may think of this as a set A, each of whose
elements is assigned an abstract size (i.e. an element of R). These are called R-sized sets;

Maps: A map froma: A — R to f: B — R is a function f : A — B such that there exists a
polynomial p € R[z] satisfying: for all a € A, B(f(a)) < p(a(a)). In this case we say that p
is a bound for f;

Composition: The usual function composition. The composite is bounded by substitution of
polynomials. Identities are the identity functions with identity polynomial bounds.

It is clear that this forms a category. It is furthermore a cartesian category. The product of
R-sized sets a: A — R and 3 : B — R is the sized set

A x B — R;(a,b) — a(a) + 5(b).

10



The projection maps, mg and 71, are bounded by identity polynomials. Given f : C — A and g : C
— B, the tuple map (f,g) is bounded by p + ¢, where p is a bound for f and ¢ is a bound for g.
The terminal object is the R-sized set 7 : {*x} — R;* +— 0.

The category of R-sized sets and maps with a constant bound, denoted R-Setconst, is the
subcategory of R-Setpo), consisting of R-sized sets and functions f : A — B such that there exists
a constant ¢ € R satisfying: for all a € A, 3(f(a)) < a(a) + c.

Proposition 2.6 R-Setconst is an R-Setpoly-strong category.

PROOF: It remains to describe the module structure. A cross map (A, B) — C is a function
f + Ax B — C such that there exists a polynomial bound p € R[z] satisfying, for all (a,b) € Ax B,
Y(f(a,b)) < plafa)) + B(b).

The strong composition is defined as follows: given f : (A1, B1) — By and g : (A9, By) — C
bounded by p and ¢, respectively, their composite is defined by (f; g)((a1,a2),b1) = g(az, f(a1,b1))
and is bounded by p + ¢ as:

v((f;9)((a1,a2),b1)) v(9(az, f(a1,b1)))

q(az(az)) + B2(f(a1,b1))

q(az(az)) + p(ai(ar)) + Bi(b1)
)

(p+ q)(alar,az)) + B1(b1)

IAIA N IA

The identity cross maps i4 : 1 x A — A are given by second projection and are bounded by 0. O

2.4 Affine structure, products and coproducts in X-strong categories

The X-strong categories we are interested in here have much more structure: the player category
is affine closed® with products and coproducts. This section describes how this structure is defined
for X-strong categories: in the next section the corresponding fibrational interpretation is given
and this is followed by the corresponding structure in R-sized sets.

Recall, as mentioned in the introduction, that if we had wished to capture Bellantoni and Cook’s
or Leivant’s systems for PTIME we would have to forgo the closedness at this stage.

An X-strong category Y is affine closed in case Y = (Y,®,—o, 1) is affine closed and this
structure extends to the module:

v Ly (x,v5) LV (X,ZoY) -5 Y
1 2
(X, 19Y) 120 viey] (X, 72) 2y oy,

These must satisfy the equations:

e The tensor product is an X-strong bifunctor: (f®g); (f'®¢) = f; [ ®g;¢, iv, Riy, = iv;0v,-
The monoidal natural isomorphism ag, ué, ug, cg are X-strong natural transformations: e.g.

(Lag)((f @ 9) ®h) = (f ® (9 ® h))ag, etc;

e The tensor product must behave well with the module structure: (z,11 ® y2)(f ® g) =
(@,91)f @ (z,91)g and (f ® 9)(y1 ® y2) = fy1 © gye;

S Affine closed in the sense that it is a symmetric monoidal closed category in which the tensor unit is terminal.

11



e For the closed structure: (cur(f)®(!x,1)ia)ev = f. We also assume (z, 1)cur(f) = cur((x, 1) f).
And h;cur(f) =cur((h® (1,1)d); f) and cur((1,ev)ig) = ia—oB.

An X-strong category Y is cartesian in case Y = (Y, x,1) is cartesian and the cartesian
structure extends to cross maps as well:

x,v)Lvi (x,v)Lv,

(X,Y) L9 v« vy (X,Y) =51

These must satisfy the following equations:

b <fa g>770 = fv <fvg>7rl =9, and <h7’[’0, h7r1> = h.
e The terminal object satisfies: for any cross map f: (X,Y) — 1, f =Ixy.

An X-strong category Y has coproducts in case the categories X and Y have coproducts which are
distributive with respect to the product in X and with respect to the tensor in Y (this latter is forced
if Y is closed affine). This means there is a (strength) map d : Z x (Y1+Y2) — Z x Y1+ Z x Y, which
is inverse to the natural map in the reverse direction. In addition we require that the coproducts
work across the module in two ways:

(X1,Y) e X' (Xo,Y) 225y (X7 S X (X, V) 2y

(X14+ X2,Y) —— Y’ (X,1+Y) — Y’
(h1lh2) (halh2)

It is worth mentioning that we have not demanded that the products in Y distribute over the
coproducts. This is quite deliberate as, although it is a very natural requirement, letting higher-
order types distribute over products allows the expression of PSPACE complete problems. This will
be is explained in section 5: however, it is based on an observation of Hofmann [13]. Notably this
distributive law, is present in the example based on R-sized sets — which should not be a surprise
as they provide at least a PSPACE setting.

2.5 The fibrational interpretation

Products and coproducts can, of course, be defined at the 2-categorical level by demanding left
and right adjoints to the diagonal X-strong functor. The above presentation is a more explicit
equivalent formulation. The functorial presentation, however, does have the advantage that it is
transported along any 2-functor which preserves products: and bun is of this form. This leads to
(part of) the following equivalent fibrational statement:

Proposition 2.7 Let Y be an affine closed X-strong category with products and coproducts. Then
the corresponding fibration p : Y — Xis fibered affine closed and has fibered products and coproducts.
This means that each of the fibers is an affine closed category possessing products and coproducts,
and this structure is preserved (on the nose) by the reindexing functors.

PROOF: (Sketch:) In the fiber over X € X the products are given by:

(X,Yi) X (X,YQ) = (X,Yl X YQ)

12



The terminal object in p~!(X) is (X, 1) and the unique map to it from any object (X,Y) is of just
(Ix,ly).

Similarly, if an X-strong category Y has coproducts, then so do the fibers in the corresponding
fibration:

(X,1) + (X,Y3) = (X,Y; + Va)

with injection (1x, (1,00)iy;+y,) and (1x, (1,01)iy,+v,). Given maps (1x,h;1) : (X, Y1) — (X, 2)
and (1x, ha) : (X,Y2) — (X, Z) the cotuple map is defined by (1x, (h1|he)) : (X,Y14Y2) — (X, Z).

If Y has distributive coproducts then then the isomorphism d : Zx(Y1+Y2) — (ZxY1)+(ZxY2)
lifts to the fiber p~1(X) as (1x, (!, d)i).

The affine closed structure lifts similarly:

(X,Yi)@(X,YQ) = (X7Y1®}/é)
(X,Yl) —0 (X,YQ) = (X,Y1 —0 Y2)

Given a map (1x,h) : (X,Y1 ® Z) — (X,Y2) its curried form is the map (1x,cur(h)) : (X, 2)
— (X,Y1 — Y3).

Finally, we note that the cartesian maps are of the form (X;,Y) — (X»,Y) with the second
component fixed, thus, the reindexing functors preserve all of this structure strictly. O

It follows that the total category Y is itself cartesian (as the fibration is fibered cartesian and
the base is cartesian). However, it does not, in general, inherit the coproduct structure.

2.6 The interpretation in R-sized sets

In order to describe this additional structure in R-sized sets it is necessary to assume that the size
rig R has infima for all nonempty sets and that these are preserved by the operations. Note that
this means that the maximum of any two elements in the rig can be defined by max(a,b) := inf{c |
a,b<c}asa+be{c|ab<c} Notethat both N and R>( are examples of rigs with nonempty
infima. With this additional assumption on R, we have:

Proposition 2.8 R-Setconst is affine closed.

PRrROOF: The tensor structure on R-sized sets is defined as follows. Givena: A - Rand 3: B — R
define

(a®pB): Ax B — R;(a,b) — ala) + B(D).
The tensor product of maps f : A1 — By and g : As — By is defined by (f ® g)(a1,a2) =
(f(a1),g(a2)) and is bounded by the sum of the constant bounds for f and g. The tensor is affine
as the tensor unit is the same as the terminal object.

Given o : A — R and ( : B — R, the internal hom is defined by a« — 5 : C(A,B) — R,

where C(A, B) is the set of constant R-sized maps from A to B, and
(o — B)(f) =inf{c|Va € A.B(f(a)) < afa)+ c}.
Given a map f : A x X — B of R-sized sets bounded by ¢ € R, define cur(f) : X — C(A, B) by
x +— Aa.f(a,z). This is bounded by the same constant ¢ € R as:
(o — B)(cur(f)(z)) = inf{c'|Va € ApB(cur(f)(z)(a)) < ala) + '}

inf {¢' | Va € A.3(f(a,7)) < a(a) + '}

< &(x)+c
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since B(f(a,x)) < a(a) + &{(z) + ¢. The evaluation map ev : (A — B) x A — B is given by
ev(f,a) = f(a) and is bounded as there exists a constant ¢ € R such that:

p(f(a)) aa) +c

a(a) + (a — B)(f) +c

For each R-sized set X define Cx (A, B) to be the collection of functions f : X x A — B such that
there exists p € R[z| satisfying, for all a € A and x € X, B(f(z,a)) < p(&(x)) + a(a). As before,
arbitrary infima in R are required to assign a size to elements of C'x (A, B) and to make this into
an internal hom object. O

IN A

We now turn to the product structure for this example:
Proposition 2.9 R-Setconst @5 cartesian.

PROOF: Given R-sized sets o : A — R and B : B — R, their cartesian product is given by the
function
(ax B): Ax B — R;(a,b) — max(a(a),3(D)).

The tuple of maps f : A — B and g : A — C, bounded by constants ¢; and co respectively, is
the map (f,g) : A — B x C, and is bounded by max(ci, c2). Projections are given by the usual
projection functions and are bounded by 0.

This structure naturally extends to the cross maps as follows. Given f : A x B — (7 and
g : Ax B — Cy, bounded by p,q € R[z], respectively, the pairing map (f,g) is bounded by
max(p, q) as, for all a:

V({f,9)(a,b)) < max(71(f(a,b)),72(g(a,b)))
< max(p(a(a)) + B(b), g(a(a)) + B(b))
< max(p(a(a)), q(ala))) + B(b)
All of the equations are satisfied because they are satisfied in the underlying set-theoretic interpre-
tation. O

Notice the diagonal map d : A — A® A is not in general bounded by a constant, so the tensor prod-
uct and the cartesian product are not isomorphic in R-Setconst. However, the two are isomorphic
in the category R-Setyoly, as the diagonal can be bounded by the polynomial 2z € Rx].

Proposition 2.10 The polarized strong category R-Seteonst has coproducts.

PROOF: Recall that this means that both the category R-Setconst and the category R-Setpoy have
coproducts and that the coproduct acts on the module maps in two different ways. The coproduct
of R-sized sets a: A — R and 3 : B — R is defined as («|3) : A+B — R, where (a|5)(l,a) = a(a)
and («|B3)(r,b) = B(b), where we have used ‘I’ to denote the left component and ‘r’ to denote the
right component of the disjoint union of A and B. The injections are the usual set-theoretic ones
and are clearly bounded. Given f : A — C and g : B — C, bounded by p and ¢, respectively,
the copairing map (f|g) : A+ B — R is bounded by p + ¢. Both categories have distributive
coproducts as the map d : A x (B;+ By) — (A x By1) 4 (A X By), defined by d(a, (i,b)) = (i, (a,b)),
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is trivially bounded and is an isomorphism. Given cross maps A x By — C and A x By — C,
bounded by p + ¢1 and g + c2, respectively, the cotuple map (f|g) : A x (B + B2) — C'is defined
by (lg)(a. (1,b)) = f(a,b) and (f|g)(a, (r,b)) = g(a, b) and is again bounded by p-+q-+max(cr, c5).
O
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3 Lifting, and comprehended recursion

An X-strong category has a “lifting” if there is an X-strong functor from the player category Y to

the opponent category X which satisfies certain properties. Lifting plays an important role in the

recursion principle described in the next section. It also has an appealing fibrational interpretation

as it corresponds to the bundle fibration having “comprehension”.

3.1 Lifting in X-strong categories

We say that the module has a lift if for each Y € Y there is an object 1 (Y) € X and a module map
(1(¥),1) ==Y

such that whenever (X, 1) M. ¥ is a module map there is a unique map h’ : X —1(Y") making

(X,1) h Y
(hb’l)i /
(1(¥),1)

commute. The combinator b is an operation which takes certain cross maps to X-maps. We can
define an operation in the other direction f by ¢* = (g, 1)ey. Then the following equations are easy
consequences of the definition:

We also have ((z,1)hy)’” = zh”(ey)".

Proposition 3.1 Lifting defines an X-strong functor 1 (=) : Y — X defined by Y —1 (Y) and

y: Y1 — Yy (eny).

PROOF: The identity is preserved as 1 (1y) = (eyly)’ = (1%/))*’ = lyy). Composition is preserved
as:

(evi91)’ (ev,92)°

(((evi11)’ (ev92)")")’
= (((evitn)(eva12)" Deyy)’

(1) D((evap2)’s Devy)”

( )

((ev191)", Devy o)
b

T(y1) T(y2)

(eviy1y2)
= T(yy2)
This shows that we have a mere functor from Y to X. To show it is X-strong we must define it on
cross maps: Given a cross map h : (X,Y]) — Yz we define (ey;;h)” : (1 (Y1) x X) —71 (Ya). First
we show that this behaves correctly with the module structure:
(e: (hy))” = ((esh)y)”
= (@h) ey
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and:

(e (my)h) = ((1xz,1)(ey; h))
= (I xx)(ey;h)
= (Ixa)(((ey), )e;h)’
= (Ix@)(((ey) x L1)(esh))’
= (Ixa)((ey) x 1)(&h)
= ((ey)’ x z)(c; h)

Next we show that this preserves the identity and module composition. For the identity we have:

(eyiiy) = ((mo,1)ey)
= m:Y x1—=Y

which is the identity in X considered an X-strong category. Next we check that it preserves the
module composition:

(evi; /)’ (ev239)° = ax((evy; £)° x D(evy; 9)’

(

( ((6Y17 ) X 1) l)eyz;g)b
(((

(

ax

(evi5 ). Devs)s 9)
evii £)ig)

= ax((ay’, Dew; (f;9))
= (evii(f;9)

ax

ax

(
(
(
(
(

This allows one to define the lift combinator:

(X,Y oY) Loy
(Xx 1(Y),Y) — Y

fT
as follows:
(1Y), 1) 25y (1(v),y") Uy
1(Y),Y) 2y ey’ X,y oY) L y”
(1(Y) x X,Y") BRAGEIN

(Xx 1(Y),Y) —Y"
fT

with eyyr = (Lu ) (ey @ (!, 1)iys) and f1 = (cx,1)(eyy; f). Clearly, a cartesian category X
regarded as a X-strong category has a trivial lift given by the identity functor.

Lemma 3.2 Lifting is iso-monoidal’ for the products and tensor in'Y onto the product is X.

"These are often called strong monoidal, however, the reader will appreciate that we have quite a few “strong”
notions in this paper already!
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PROOF: Because the product and tensor are affine we expect comonoidal maps T (Y] ® Y3) —1
(Y1)x T(Y3) and T (Y1 x Y2) —7(Y1)x T(Y2). The maps in the reverse direction are given by:

Y, -V, Y, =Y,
V1Y, = YV10Y, (1,Y1) =Y (1,Y2) — Y3
(LY1®Yy) Y1 ®Y (1(11),1) = 1 (1(Y2),1) — Yy
(1(Y1),Y2) = V1 @Y3 (T(Y1)x T(Y2),1) — Y1 (1(Y1)x T(Y2),1) — Y3
T(V)x 1(%).1) — V10 Ys ()% 1) 1) — Vi x Y
TM)x T(Y2) =T(Y1®@Y2) TM)x T(Ye) =1 (Y1 x Y2)

Moreover, as 1 is terminal there is a unique map !y :T (1) — 1 which is inverse to the map
(i1)” : 1 —1(1). O

It is also important for our purpose that the lift preserves the coproduct structure as well and
we shall simply demand that this is the case. That is, we shall demand that the canonical monoidal
map is in fact an isomorphism.

3.2 Lifting in fibrations: comprehension

Recall that a fibration p : Y — X, which has the terminal object functor T' : X — Y, admits
comprehension if this functor has a right adjoint [10].

Proposition 3.3 If an X-strong category Y has a lift, then the corresponding fibration p : Y —X
admits comprehension in the above sense.

PROOF: Let Y be an X-strong category with a lift operator. Then there is a functor R : Y — X
defined by R(X,Y) = Xx 1(Y) and R(z,h) = (mox, (h; €)’). We claim that this is right adjoint
to the terminal object functor T': X — Y, defined by 7'(X) = (X,1) and T'(z) = (=,!). Le. that
there is a bijection:

(X,1) — (X)Y)

X — X'x 1(Y)

The unit and counit of the adjunction are:
nx = <1X7!X> : X — XX T(l)
exy = (mo, (m1, Dey) : (Xx T(Y),1) — (X,Y)
These are certainly natural transformations so it remains to verify the adjunction equations:

Tn;el = ((1x,!x),!); (o, (m1,1)€1)
= (1X7(A’ 1)(!;(<1X7!X>71)(771’1)61))
(1X7 ')
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and:

nRRe = (Ixxiv) 'xxiv ><7707T0,((7T1,1)6Y,61)b>
= (Lxxiv) Lxxion) (momo, (71, ey i1)’)
= (Ixxyv) 'xxiy ><7707T0,((Wo,l)(ﬂl,l)GY)b>
= (Ixxiv)s 'xxqv)) {momo, ((momr1, 1) v)’)
= (Ixxqv) 'xx1v)) (mom0, To71)
= (Ixxqv) 'xx1(v)) 70
= Loaw)

This completes the proof. O

3.3 Trivial lifts and lifting in R-sized sets

It is convenient when we translate this categorical structure into type theory to view the lift as
being the identity on types: we shall say that the lift is trivial in this case. Given a strong
polarized category with a lift one can always extract (couniversally) from it a strong polarized
category with a trivial lift. This shows that strong polarized categories with a trivial lift form a
coreflexive subcategory of all strong polarized categories with a lift (and functors which preserve
lift).

Proposition 3.4 The full subcategory of strong polarized categories with a trivial lift is a coreflexive
subcategory of the category of strong polarized categories with a lift.

PRrOOF: For any strong polarized category P we must construct a strong polarized category with
a trivial lift T'(P) and a functor € : T(P) — P such that any functor from a strong polarized
category with a trivial lift factorizes uniquely through this category. If P : X x Y — X then we
set T(P) : Y x Y — Y where the o-category has homsets T'(P),(Y7,Y2) = X(7 (Y1), T (Y2)) and the
op-map T,,((Yo, Y1), Y2) = Pop((T(Y0), Y1), Y2) while the p-maps are the same: composition is then
as in P. The functor € then carries o-objects their lifted counterpart.

That this now has the desired couniversal property is straightforward to check. O

Having a trivial lift greatly simplifies notation as lifting can be silent and implicitly managed
by position. Throughout the development of the type theory we call assume a trivial lift.
The category of R-sized sets has a trivial lift:

Proposition 3.5 The R-Setyoly-strong category R-Seteonst has a trivial lift.
ProOF: Lifting here is the identity on R-sized sets and for any R-sized set A there is a map
€a: A x {x} — A defined by €4(a,*) = a. Then given any cross map f : A x {*} — B, bounded

by p € R|z], there is a map f” : A — B, uniquely defined by f°(a) = f(a, *), and is bounded by p
as well. O

19



3.4 Polarized operators

Inductive data types in this setting correspond to “comprehended” initial fixed points for polarized
operators. Polarized operators are more than X-strong functors as they also act on cross maps:

(X,1) 2 v

(Fo(X),1) Fp(Y')

F,p

Fop(h)

A peculiarity of the (initial) fixed point calculus in his setting is that inductive data (i.e. fixed point
data) does not in general supply material from which one can build more inductive data. This is
because inductive data does not, in general, organize itself into a polarized operator.

The recursion principle which we present here is the “circular” principle due to Varmo Vene [24]
and Luigi Santocanale [23]. It is based on using a “circular” combinator to determine maps from
inductive types. From the programming perspective this is quite natural as the style is similar to
a definition by recursion.

We show below that this circular recursion principle, when the player world is affine closed, is
equivalent to a more usual looking initial algebra principle. Of course, one can also use the circular
recursion principle when the player world is not affine closed: the result is a scheme which is strictly
more expressive than the initial algebra scheme as it has some “built-in” higher-order.

We illustrate the recursion principle by using it to count the leaves of a (Hofmann) tree and to
build an exponential (Leivant) tree. There are further, examples in the sections covering the type
theory.

A polarized operator F' on an X-strong category consists of a pair of strong functors Fj, : Y"
— Y, and F;, : X" — X and a map of cross maps Fy:

x,1) Sy o (X1 oy, -
Fop(fly---,fn) v
(Fo(X1,..., Xn), 1) —2e il p oy )

satisfying various natural conditions. In the unary case these are:
e I, and F), are X-strong functors;
o Fop((z, 1)h) = (Fo(z),1)Fop(h) and Fop(hy) = Fop(h)Fp(y).

e When there is a lift, lifting must preserve the polarized in the sense that there is a strong
natural isomorphism ~% such that:

Y X
Fpi 4 AF iFO
Y ; X

In settings with a trivial lift every object in the opponent world is actually a lifted player object.
In such settings the polarized operators are completely determined by the player side. Thus, the
specification of these operators in the player world is the determining aspect.

Below we list the polarized operators which are always present:
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1. For any object A in Y, the constant functors Kz‘;‘ : YO — Y and Kf : X0 — X, defined by
KZ’;‘(Y) = A and K2(X) =1(A), form a polarized operator. In this case Kg‘;)(*) = (a), Dea.

2. The tensor product in Y and the product in X form a polarized operator.
3. The product in Y and the product in X form a polarized operator.

4. The coproduct in Y and coproduct in X form a polarized operator (this is why we required
lifting to preserve coproducts).

Polarized operators compose as operations on a polarized strong category. Thus, further exam-
ples can be generated from the above basic examples. Thus, any “polynomial polarized operator”,
generated by +, X, ® and constants, is a polarized operator.

3.5 Inductive recursion principles

Let F be an n-ary polarized operator on a polarized strong category Y. A circular combinator,

c[] is a pair of assignments:
h:(X,Z® D) — B

cplh (X, Fp(Z)® D) — B
v: (X xV,D) — B
colv] 1 (X x Fo(V),D) — B

in which X, B and D are fixed and called respectively the opponent context, the player context,
and the base. This data is a combinator in the sense that it satisfies:

oL, f@ (L, Dip)hl = (1, Fp(f) @ (1, 1)ip)cy[h]
Co[((mo, w), (1, )ip)v] = ({mo, Fo(w)), (!, 1)ip)co[v]
Col(mo, 7 @ (1, 1)ip)h] = (o, Fop(r) @ (1, 1)ip)cp[h]

Proposition 3.6 In an affine closed polarized strong category circular combinators with contexts
X and D and base B are in bijective correspondence to maps

(X, Fy(D o B)) — D — B.

PRrROOF: Given such a map g define the circular combinator by:

(X,Z® D) > B
cur(f)

(X, 2) D— B
Fp(cur(f))
_

(X, Fp(Z)) F,(D — B) (X,F,(D—B)) %D —-B

Fp(cur(f))g
—_—

(X, Fy(2))
(X, Fp(2) ® D)

D—oB

cplf] = (Fp(cur(f))g) ® ip)eval
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and /
(X x2,D) 1> B

cur(f")
_

(X x Z,1) D—B
0% Fop(cur(f"))

(X x F,(Z),1) Fy(D — B) (X,F,(D—B)) %D —-B

F cur(f’
(X % FO(Z),]_) eXFOP( (f ))g D N B

(X x Fy(Z),D) B
col '] = (0% Fop(cur(f))g) ® ip)eval

Conversely take:
(X,(D—-B)®D) =->B

cplev’]

(X, Fp(D — B)® D) B
(X,Fp(D —-oB)) ————— D — B

cur(cplev’])

a

There are two inductive (comprehended) recursion principles we wish to consider: the first is
weaker than the second. The second incorporates the additional ability to use the data type itself

within the recursion. This is a standard feature of primitive recursion as it is usually defined.

A polarized inductive data type in an affine polarized strong category for a polarized

operator F' is a fixed point puy.F,(y) of F)p, that is, there is an isomorphism:

cons : Fp(pny.Fp(y)) — py.Fp(y)

in Y satisfying a recursion principle. The circular recursion principle says that given any
circular combinator ¢[_] for F' with contexts X and D over B then there is a unique map pa.clal :

(Xx T(py-Fp(y)), D) — B making the following triangle commute:

(X % Fo((1 (y-Fy(y))), D) ——— 0

(XX T(py-Fp(y)), D)

colpa.cla pa.clal
B

Notice that in the affine closed case we can resolve this to get a more usual looking fixed point

property using the above proposition:

(1x1(cons),1)

(X x Fo(T (1y-Fp(y))), 1) (Xx T (ny-Fp(y)), 1)
(m,Fop(cur(ua.C[a])]))i lcur(ua.c[a])
(X7FP(D_°B)) D—oB

cur(cp[(1,1)i ev’])

The primitive recursion principle says that given any circular combinator ¢[_] for F' with
contexts X and D over B then there is a unique map p*a.cla] : (X x 1 (p*y.Fp(y)), D) — B making
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the following triangle commute:

(1x1(cons),1)

(X x Fo(T (ny-Fp(y))), D)
(le,l)l
(X x Fyo(1 (ny-Fp(y)))% D)

(Xx T(uy-Fp(y)), D)

col(Ixmi)p*a.c

B

In the affine closed case, as above, we can resolve this to get a more usual looking primitive recursive
principle:

(1x1(cons),1)

(X x Fo(1 (ny-Fp(y))), 1) (Xx T (uy-Fp(y)), 1)
(I,Fop(cur(u*a-C[a])]))l lcur(ma.qap
(X x Fo(T(py-Fp(y))), Fp(D — B)) DB

cur(ep[(1,1)i ev'])

3.6 Counting the leaves of a tree

To illustrate how the circular recursion principle works consider the following example. Let
T,(A,B,C) = A+ B®C (and so Ty(X,Y,Z) = X +Y x Z) then define Tree,(A) = py. A +y®y.
To remove unnecessary clutter we shall replace the type variable A by a constant. The fixed point
isomorphism can be resolved into two constructors

Leaf : A, — Tree, node : Tree, ® Tree, — Tree,,.

We shall also need the (unary) natural numbers Nat = py.1 + y with the constructors zero : 1
— Nat and Succ : Nat — Nat in order to count.

The circular combinator will have empty o-context and both the p-context and the base Nat.
This means we must define a combinator:

(1, X ® Nat) 7 Nat
(1,(A+ X ® X) ® Nat) T Nat

we define c[f] as:

(1,7 dg) (i 'Succ|(1® f)[f)

(1,(A+ X ® X) ® Nat) (1, A® Nat + X ® X ® Nat) Nat

and then the map

(1, (!, 1)z Zero)
e

(T(Tree), 1) (T(Tree), Nat) et gt

counts the leaves of the tree.
One can also build the exponential size Leivant style tree, however, we must use a slightly
different datatype — which change is enough to remove the ability to count the leaves: LTree =
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uy.A +y x y which has constructors LLeaf and LNode. Note that nodes are now products of trees
which one should regard as being lazy. For this tree we can construct the combinator:

(1,X) - LTree
(1,14 X) —— LTree
d[h)

(i LLeaf|f A LNode)

by defining d[h] as (1,1 + X)
based on products).

LTree. This builds an exponential size tree (but

3.7 Circular recursion in R-sized sets

R-sized sets has inductive data types which satisfy the primitive recursive principle. However,
it is somewhat easier to show that the weaker circular recursion principle holds. Here we limit
ourselves to illustrating this point because when the type theory and its bounding arguments are
developed in the next sections, it will become clear that the stronger primitive recursion principle
also holds. It is interesting to note that the polynomial bounds for the circular recursion principle
are particularly simple as they directly follow from the intuition due to Hofmannn discussed in the
introduction.

Proposition 3.7 The R-Set,oly-strong category R-Seteonst has all “polynomial” polarized inductive
data types which satisfy the circular recursion principle.

PROOF: Let F(Z) = Fi(Z)+- - -+ F(Z) be a polarized operator generated by constants, coproducts,
products and tensors in disjunctive normal form — which makes sense, in this setting, as both
products and tensors distribute over coproducts. Such a functor always has a fixed point in Sets,
F*, which is the free algebra generated by the constructors cons;. The size ¢ : F* — R is defined
inductively by:

¢(cons;(d)) = 1+ ¢(d)
o(dy;...5dn) = max(p(dy),...,o(dy))

G(d, ... dn) = > o)
=1
¢(a) = a(a) (where a: A — R is parametric)

Fach constructor increases the size of its input by 1, so they are certainly maps in the player
category. The map cons above is the cotuple of these constructors, and so it too is bounded by a
size increase of 1. The inverse map is non-size increasing and so is also in R-Setconst. This shows
that this object is a fixed point in R-Setconst-

It is convenient, in order to bound the recursion principle to use the transformation of propo-
sition 3.6 and derive the size bounds from the fixed point form of the map. This then has to be
evaluated to obtain the map we actually want. It suffices to show we can polynomially bound the
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map fold recursively defined by:

(1,(1,1)¢ cons

(X X F,(F*),1) (X x F*1)
<ﬂ0:9§>:!)l
(X X Fp(X x F*),1) fold
(1,Fop(fold))l
(X, Fp(D — B)) DB

g

Clearly this depends on g which, being in the p-world, it has a size constant increase dependent
only on the o-context, P;({(x)). Next consider the maps down the lefthand side: the first map is
the strength and, depending on the form of F', will duplicate the context a number of times, as its
effect is exactly the same as for F), this is also a constant size increase bounded by a polynomial
in the o-context, Py({(z)). As F' is a polynomial functor the size of F,y(fold) is bounded by a
constant added to the size of its parameters: the only subtly being that the one parameter shown
may actually occur many times and thus the bound can be written in the form:

B(Fop((z,fold(z,2))) <k + Y B(fold(, 2))

Jj=1,..,r

where the z; are the next largest recursive occurrences of the data type within z.
Thus there is a constant bound (in the context size) by which each constructor can increase the
size and, as ¢(x) always exceeds the number of constructors, we have:

B(fold(z, 2)) < ¢(2) - (k + Fp(§(x)) + Fy(£()))-

Giving a polynomial bound as required. O

3.8 Coinductive recursion principle

Polarized coinductive types are simpler as they are essentially coinductive data types for the player
world in a given context for a player functor G,. One can define their couniversal property using
a cocircular combinator for G, with context X and cobase A:

(X,4) L B

(X, 4) N Gp(B)

which satifies the obvious coherence condition with respect to varying B in context.
Cocircular combinators are in bijective correspondence with coalgebras in context as the fol-
lowing proposition shows:

Proposition 3.8 In an affine closed polarized strong category cocircular combinators with contexts
X and cobase A are in bijective correspondence to maps

(X, 4) — Gp(4)
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PRrROOF: Given a map f define a co-circular combinatory by:

(X,4) L B
Gp(9)
E—

(X, 4) L G (4) (X,G,(A)) G,(B)

X, A G, (B
( )d[g}:m,l)(f;cp(g)) »(B)

Conversely, setting g = (!,1)¢ gives the generating map for the combinator as above:

(X, 4) Gp(A)

a

A polarized coinductive data type in an affine polarized strong category for a player functor
G) is a fixed point vy.Gp(y) of Gy, that is, there is an isomorphism:

dest : 12.Gp(2) — Gp(vz.Gp(2))

in Y satisfying the following couniversal property for coinductive types. More precisely, the cocir-
cular recursion principle says that given a combinator d as above there is a unique map va.d(a)
such that:

(X, A)

Vy WH

vz.Gp(2) Gp(vz.Gy(2))

dest

commutes.

3.9 Infinite lists

To illustrate how the cocircular recursion principle works consider the following example. Let
Gp(A,X) = A x X and define Inf(A) = vy.A x y. The fixed point isomorphism can be resolved
into two destructors:

Head : Inf(A) — A Tail : Inf(A) — Inf(A)

Note that a second kind of infinite list Inf'(A) can be defined as the fixed point of the player functor
G,(A,X) = A® X. Tt has only the one destructor:

Next : Inf'(4) — A ® Inf'(A)

The example we wish to illustrate here uses the first kind of infinite list and the following combi-
nator:
(1,Nat) -2 Inf(Nat)

(1,Nat) —— Nat x Inf(Nat)
d[g]

where d[g] = (Head, (1, Succ)g)). The unique map va.d[a] : Nat — Inf(Nat), given by the couniversal
property, represents the infinite list of natural numbers beginning at some fixed one. For example,
the infinite list of natural numbers is defined by:

allnats = Zero; va.d[a] : 1 — Inf(Nat)
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Indeed,

allnats; Tail; Tail; Head = (1, Zero)va.dal; Tail; Tail; Head
= Zero; Succ; va.d|al; Tail; Head
= Zero; Succ; Succ; va.d[a]; Head

= Zero; Succ; Succ
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4 Simply typed Pola

In this section we introduce the simple type system for Pola which forms the basis for the more
expressive systems introduced in later sections. In this simple type system every well-typed Pola
program is polynomial time computable, and, conversely, it is possible to encode polynomial time
Turing machines in this system. Thus, simply typed Pola is complete for polynomial time com-
putations. However, as observed by Hofmann in [13], there are naturally formulated polynomial
time functions which are very awkward to program in systems based on predicative recursion. This
makes it desirable to enhance Pola’s expressiveness by moving to the more expressive full system
introduced in section 5.

We define a sequent calculus for Pola terms in a style amenable to type inference. Types
are either atomic types A, B, ..., the tensor product of types A ® B, or data types delivered by
inductive (and coinductive) data declarations. These last allow, for example, unary and binary
numbers, lists, and trees. A sequent has the form:

rx+t:C

where I' is referred to as the opponent context and ¥ is referred to as the player context. A
context is a mapping of variables to types and so order is not important and, as this is a mapping
the variables must be distinct. The inference rules are presented in Figure 1.

Variables can be introduced either in the player or the opponent context by the identity rule.
A variable in the player context can be lifted to the opponent side using the lift rule, but not vice
versa. The cut rules are expressed by where val clauses. Notice that the player context must be
empty in the left hypothesis of the opponent cut rule. The rules for typing a tuple (¢1,%2) express
the fact that ‘,” in the player context represents an affine tensor product, while ‘,” in the opponent
context represents a cartesian product. Although we do not give the structural rules, weakening
is admissible for both the player and opponent contexts. Contraction is admissible only in the
opponent context and is implemented by:

Fz:X| Fo: X Dae: X2 : X |XHt:Y
Ie: X |XFtwhereval 2/ =2:Y

The rule for eliminating a tuple is given by the pcase syntax. The keyword case is reserved for the
corresponding construct in the opponent world.

4.1 Inductive data

Inductive data is added in Pola with a specification of the form:
data A(B) — X = {CZ : FZ(X, B) — X}i:l,...,k

where F' = F} + --- + F}, is a polarized operator, and B is a list of parameter types. This style
of presentation reflects the fact that these are initial (polarized) algebras. Using the polarized
operators we know always to be present we define some Hofmann-style data types in Figure 2.
The case and pcase rules express the fixed point properties of data types in both the opponent
and player worlds and are used to define simple programs like the predecessor function on unary
numbers and the head and tail programs on lists:
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x:AEForE_d F‘Z,m:A}—t:CI_ft
FXkax:A ! Fz:A|XkHt:C !
' Fs:A Tho:A|EFt:C I'AFs:A T|X,2:AFt:C

cut, uty,

c
I'|XFtwhereval {zx =s}:C I'| X, Akt whereval {z:=s}:C
I

'kt C 'k+t:D
I'| X+t where fun {f(T" | X)) =¢}:D

F|AkFs:1 T|XFt:Y

r¥-(0:1 ' 2,AF pcase sof ().t:Y
X Ft1:A T |3kt :B 'Ars:A®B T'|X,2:A,y:B+t:C
I X,%F (t1,t2) : A® B I'|X,At pcase s of (z,y).t:C
I'|AF¢: Fy(B,A(B)) I'| Fs:A(B) {l,z;: F;(B,A(B))| Xt :C}¥_,
' AFGCi(t): A(B) I'| ¥ F case s of {C;(z;).t;}:C

I'|AFs:AB) {I'|%,2;: Fi(B,A(B))Ft;: C}t_,
I' | ¥,At pcase s of {C;(x;).t;}:C

VX rx,E-L. v

k
{ Iz, : Fi(A(B),B) |z;: Fi(X,B),y : EF¢:Y }i_l

0,AB) | E L v

P|AkFs: Z
T'| Ak fold f(#,y) as {Ci(z} | x;).t;} ins: Z

fold

("] Fsi: Xibxier {I'|XFE: Bijpes [F‘ZLY}f ti
X, 2 f(st,e e os8n |ty te) Y unction use

. /

Figure 1: Simply typed Pola
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End:1 — X

Zero:1 — X
data Nat — X ={ 550~ data BNat — X = { B0: X — X
Succ: X — X
Bl: X - X
True:1 — X Nil: 1 — X
data Bool — X = { ¢ data L(A) - X =1
False:1 — X Cons: A, X - C
Leaf : A S1:1—- X
A —- X
data T(A) —» X ={ data Fp — X = {:
Node: X, X — X
Sk:1— X
SS:A—- X BZero: A — X
data SF(4) — X = data BN(A) > X =4 -5 47
FF:1—- X BSucc: X — X
Figure 2: Inductive data types
pred(|z) = pcase z of head(|]z) = pcase x of tail(Jz) = pcase z of
Zero.Zero Nil.Nil Nil.Nil;
Succ(n).n Cons(a, xs).a Cons(a, xs).xs

To express all polynomial time functions we need to add a recursion principle, this is provided
by the fold construct which implements a form of safe recursion. Its typing is given in Figure 1.
The fold expression has the effect of storing a recursive function definition which may be accessed
using the function call rule inside of the box. The proof inside the box must be parametric with
respect to the universal type X; that is, the proof inside the box must be valid for all types X.
Notice that once a universally typed variable is introduced, it must remain in the player context.
This ensures that recursive calls are always placed in the affine player world and is the basic
mechanism for ensuring polynomial time soundness. See Figure 3 for some examples which use
the fold construct. Most of these are standard, except possibly the bnadd program. The Burroni
natural numbers, BN(A), defined in Figure 2, can be used to represent the usual unary numbers
of type Nat and even tensor products of unary numbers Nat ® Nat can be represented by a single
Burroni number of type BN(BN(1)). The program bnadd is the unary addition function and has
type BN(BN(1)) | — BN(1).

4.2 Operational semantics

We first define the class of normal form elements or values to be closed terms inductively
defined by:

ta=() [t C(t)
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add(z|y) = fold f(#,z) as mul(z,y|) = fold f(#) as

Zero.z Zero.Zero
Succ(_|n).Succ(f(n, z)) Succ(-|n).add(y|f(n))
in f(z,y) in f(x)
parity(z|) = fold f(#) as tri(z]) = fold f(#) as
Zero.True Zero.x
Succ(_|n).pcase f(n) of Succ(n/|n).add(n’/|f(n))
True.False in f(z)
False. True
in f(x)
len(xz|) = fold f(#) as rev(z|) = fold f(#,y) as
Nil.Zero Nil.Nil
Cons(_|a, _|w).Succ(f(w)) Cons(_|a, _|w).f(w, Cons(a, y))
in f(x) in f(x,Nil)
sumtree(x|) = fold f(#,y) as bnadd(z|) = fold f(#) as
Leaf(n’).add(n/|y) BZero(n).n
Node(_|z1, _|x2).f(z1, f(z2,v)) BSucc(-|n).BSucc(f(n))
in f(x,Zero) in f(x)

Figure 3: Example recursive Pola programs
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These values or normal form elements form an N-sized set as they can be inductively sized, ||, as
follows:

Ol = 0
I(t1,2)| = [ta] + |t
G = 1+

Closed terms are reduced to normal form according to the operational semantics (see Figure
4). We write I' F ¢ = e to mean that the term ¢ reduces to the value e in the context I'. The
context I' provides an assignment of values to variables in ¢. The context also stores the function
environment, this consists of function definitions introduces by where fun and the recursive function
definitions introduced by folds.

In general, we shall be interested in computing three bounds associated to any Pola term w:

a: A bound «afu] on the size of the normal form element which results from evaluating the term;
B: A bound f[u] on the space required to evaluate the term;

v: A bound ~y[u] on the time required to evaluate the term.

The first measure, «, is a polynomial bound — which depends on the sizes of the values used as
arguments — on the size of the value produced by the evaluation. This does not say anything, of
course, about the size of the intermediate values required in the computation or the time required
for the computation.

The second measure § is more complicated as it is a measure the space required to do an
evaluation. The state of an evaluation at any stage is given by a context, a stack of auxillary values
(holding intermediate calculations) and (a pointer to) the current term which has to be evaluated.
Thus the size is dominated by the sizes of the values in context and the stack of intermediate values:
and this is what we shall take it to be.

It turns out that this calculation is not important at this stage as if one has a polynomial time
bound one’s storage is necessarily polynomially bounded. However, it shall important in the next
section.

Finally, the way the time bound, =, is measured is as the total size (number of nodes) of the
proof tree for the evaluation. While most evaluation steps (nodes in the proof tree) can clearly be
achieved in a constant time the steps that require one to retrieve the values of variables deserve
some special comment.

In an implementation one can arrange that variables are essentially pointers so that indeed these
retrievals are practically constant time. Theoretically, however, one may not be so comfortable with
assuming this as it does depends on the model of computation. Thus, in particular, the model does
affect what one means by “constant time”: here we do have in mind a pointer model. However,
in all the computations we shall consider the size of the contexts will be polynomially bounded so
that overall, even if one assumes a linear retrieval time the computation will still be polynomial so
that the main results are independent of the model of computation.

4.3 PTIME soundness

In this section we show that every well-typed Pola program is polynomial time computable. Our
first objective is the size calculation:
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r=el'Fzx=e

'ks=¢e z=€¢,T'Ft=e
I'Ft whereval {x =s} =e

f=Xxyt' THt=e
[kt where fun {f(z,y) =t} =e

I'Fti=e1 ThHty=eo THt=c¢
'k (tl,tg) = (61762) 'k Cz(t) = Cz(e)

'ts=(e1,e2) w1 =e,za=e,I'Ft=e
I' - pcase s of (z1,22).t =€

I'ts=Cie) zj=€¢THtj=e
I' F pcase s of {Ci(z;).t;i} =€

I'ts=Cie) zj=€¢THtj=e
'k case s of {Ci(z;).ti} =€

PEs=Cie) zj=czj=¢Tktj=e

I' b pcase fold s of {C;(a}|x;).t;} = e

[ = Azy.pcase fold = of {C;(x}|z;).t;},['Fs=¢e
I'+fold f(#,y) as {Ci(z}|z;).t;} in s =€

;:_,,7F'—31j61 $:€1,y:62’f:Axy't7F|_t:>6

E R ,F|—82:>€2
f=Xxyt,I'F f(s1,52) =€

N /

Figure 4: Operational semantics: inductive
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Theorem 4.1 (size; inductive) Suppose x1 : X1,...,2n : Xp | v1 : Y1, cyym : Yo Fu Y ds

provable in the simply typed Pola. Then there exists a polynomial afu)(z1,...,2,) such that for
all normal form inputs e1 : X1,...,en : Xy, and aq : Y1,...,am : Yy, whenever x1 = e1,...,T, =
€n, Y1 = a1, ..., Ym = Gm b u = e in the operational semantics, le| < a(le1|,...,|en|) + D vy |ai|.

Notational conventions: when the normal form terms are clear from the context we shall write
s = e instead of T'F s = e and |e| < o(T") + X instead of |e| < afu](le1], ..., |en]) + Doimy |ai|-

PROOF: We argue by structural induction on the term .

case: u = z is a variable: If it is an opponent variable Iz : X | ¥ F x : X, then afu](T', z) = ; if
it is a player variable I' | ¥,z : X 2 : X, then afu](T") = 0.

case: u =t where {z:=s}andT' | X, AFwu:C. ThenT' | At s: AandT | ¥, x: AFt:C. Inthis
case we take afu](T') = a[s](I") + a[t](T"). For any normal form inputs to I', A, 3, we have, by
the induction hypothesis, s = ¢’ with |¢/| < a[s](T')+ A and ¢t = e with |e] < at](T)+e’|+ .
Therefore u = e and:

alt)(T) + e + 2
aft)(T) +afs)(T) + A+ X

el

IN A

case: u =t where {z =s}and ' | X+ wu:C. ThenT'| Fs:AandT',z: A|XFt:C. For any
normal form inputs to I', ¥ we have by the induction hypothesis s = ¢’ with |¢/| < a[s](T")
and t = e with |e| < a[t](T,|€|) + X. Therefore:

aft](T, afs](T) + X

case: u = (t,t2) and I' | X Fu: X7 ® Xo, then I' | X1 ¢ : X and T' | 3o F to : Xy, where ¥ =
Y1, Y. For any normal form inputs to I', 31, X9 we have by the induction hypothesis t; = e
with |e1| < a[t1](I") + X1 and t2 = ez with |ea| < afta](T") + Xa. Therefore (¢1,t2) = (e1,e2)
and:

l(e1,e2)] = le1| + ezl
< afti](T) + afta](T) + X1 + X2

case: u = pcase s of (xy,xe)t and I' | A F uw: Y. ThenT' | Ak s: X;® Xy and T |
Y,x1: X1,20 : Xo Ft:Y. For any normal form inputs to I', ¥, A we have by the induction
hypothesis s = (e1,ea2) with |(e1,e2)| = |e1| + |e2] < a[s](T') + A, and ¢ = e with |e| <
aft](T) + |e1| + |e2| + X. Therefore u = e and:

Oz[t](r) + |61‘ + ’€2| + X

le] <
< alt)D) +ofs|T) + 2 + A

34



case: u = Ci(t) and I' | ¥ F w : A(B). Then I' | ¥ + ¢ : F;(A(B),B). For any normal form
inputs to I', ¥ we have by the induction hypothesis ¢ = e with |e| < «[t](T") + X. Therefore,
u = C;(e) and:

ICile)] = le[+1
< aff)D)+X+1

case: u = case s of {C;(x;).t;} and ' | X Fw:Y. ThenI'| Fs:A(B) and I',z; : F;(A(B),B) |
Y+ ¢; : Y. For any normal form inputs to I', ¥ we have by the induction hypothesis s = C;(¢’)
with [C(e/)| = 1+ |€/| < afs](T), and t; = e with |e| < aft;](T,|e’|) + 2. Therefore, u = e
and:

alts](T, ') +
max(alti) (T’ afs)(T))) + 2

le]

VARVAY

Note that s can evaluate to different constructors depending on the normal form inputs, so
the max is used to give a uniform bound.

case: u = pcase s of {C;(x;).t;} and I' | ¥, A w:Y. ThenI' | AFs:A(B)andI' | ¥,2; :
F;(A(B),B) F t; : Y. For any normal form inputs to I'; ¥, A we have by the induction
hypothesis s = C;(e’) with |C;(€')] =1+ |¢/| < afs](T') + A, and t; = e with |e] < aft;]|(T) +
l¢/| + X. Therefore, u = e and:

el < aft)(T) + 2+ e
max(aft](I) + £ + afs)(I) + A

mzax(oz[ti](f‘)) +oafs)(I)+X+A

IN A

IA

case: u = fold f(#,y) as {Ci(z}|z;).t;} insand ' | A w:Y. ThenT | AF s:Y and
Iz, : Fi(A(B),B) | z : F;(X,B),y : Et+ t; : Y. Then for any normal form inputs to I', A
by the induction hypothesis we have s = e with |e| < a[s](I') + A. Therefore, u = e and
le] < afs](T) + A.

case: u = f(s,t)and ' | At w:Y. ThenI'| Fs:A(B),'| Art:EandT, 2} : Fi(A(B),B) |
x;: Fy(X,B),y: EFt;:Y. Alsosuppose s = ¢’ and t = €. By the induction hypothesis, the
size increase in one evaluation of the box is bounded by a polynomial max;(«[t;](T', z)). By
the typing restriction (i.e. the universal type is affine) the number of recursive calls is bounded

by |€/|. Therefore, the normal form term e’ can increase by at most |¢/| - max;(«[t;](T, [€'])).
Therefore:
le] < [e']- max(afti|(T, [¢'])) + |¢"]
< ofs|(I) - max(aft;](I', a[s|(I)) + a[t](T) + A
This exhausts the cases and finishes the proof. O
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A crucial step in this proof is the last step and the observation that the type system ensures
that in a box the number of recursive calls to a function must be bounded by the size of the subject
of the fold. Ensuring this is key to obtaining the size and time bound in this system.

Having this size bound we now show that every simply typed Pola program is polynomial time
computable. This means, of course, that every Pola program is polynomial space bounded, so the
B proof for the simple type system is unnecessary. The v proof is as follows:

Theorem 4.2 (time; inductive) Let I' | ¥ F w : Y, where I’ = 21 : Xq,...,z, : X,, and
Y=y :Y1,...,ym : Y. Then there is a polynomial y[ul(x1,. .., z,) with the property that for any
normal form inputs, e1 : X1,...,en: Xy and a1 : Y1, ..., Ym : Ym, the size of the evaluation tree of
T = €, Yi = a; - u = e is bounded by y[ul(lei],...,|en|). In particular, the time bound does not
depend on the size of the player context.

Notational convention: when the normal form elements are clear from the context, we write |||/
to denote the size of the evaluation tree of z1 = e1,..., 2, =€, ¥ = a1,...,Ym = @ - u =€ in
the operational semantics.

PRrROOF: The proof is by structural induction on the term w.

case: u = x is a variable. Then either it is typed as a player variable or as an opponent variable.
In either case the evaluation tree is bounded by a constant.

case: u =t where {z :=s}and ' | X,Atu:C. Then ' | Akbs: Aand ' | X, 2: A-t:C. By
the induction hypothesis applied to s and ¢, we have:

lullr = sl + [Itlr +1
YIs|(T) + [ (T) +1

N

case: u =t where {r =s}and ' | X Fwu:C. ThenT'| Fs:AandT,z: A|XFt¢:C. By the
induction hypothesis applied to s and ¢, we have:

YsIT) + (T le']) + 1

A[s)(T) + (T, afs) (1)) + 1

Jullr <
<

where s = €’. Notice the use of the size bound « here.

case: u = (t1,to) and I' | X Fu: X1 @ Xo, then I' | ¥y F ¢ : Xy and T' | 3o F to : X, where
> = X1, 3s. By the induction hypothesis applied to ¢; and to, we have:

lullr = ltallr +t2llr +1
< A[E]IT) +A[E](T) +1

N

case: u = pcase s of (z1,z2).t and I' | ¥, A I pcase s of (z1,22).t:Y. ThenI' | At s: X; ® Xy
and I' | ¥, x1 : Xq,29: Xo Ft:Y. By the induction hypothesis applied to s and ¢, we have:

lullr = lisllz + [tll +1
< AfsIT) +A[E(T) +1

A
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case: u = Ci(t) and I' | ¥ F w: A(B). Then I' | ¥ - ¢ : F;(A(B), B). By the induction hypothesis,
we have:

Itz +1
< ) +1

[ullz

N

case: u = case s of {Cj(x;).t;} and ' | X Fw:Y. ThenT'| Fs:A(B) and I',z; : F;(A(B),B) |
> Ft; : Y. By the induction hypothesis, we have:

lullz < A[s)(T) + max(y[t:](T, |¢']) + 1
< A)I) +max(y[t](T, afs)(1)) + 1

where s = €/. Again, notice the use of the size bound « here.

case: u = pcase s of {C;(x;).t;} and I' | ¥, AFw:Y. ThenI' | AFs:A(B)and I' | ¥,2; :
F;(A(B),B) +t; : Y. By the induction hypothesis, we have:

lullr = lsllz + max(|fti[|7) + 1

A[S](T) + max([4](T) + 1

A

case: u = fold f(#,y) as {Ci(x}|z;).t;} insand ' | AF s:Y. By the induction hypothesis, we
have:

sl +1

Jullr <
< sl +A4+1

case: u = f(s,t)and ' | A w:Y. ThenT'| Fs:A(B),I'|Art: Eand T, 2, : F;(A(B),B) |
z; : Fj(X,B),y : E+t; : Y. By the induction hypothesis, we have time bounds ~[t;|(T', z})
for each of the t;. By the affine typing of the universal type X the body of the fold can be
evaluated at most |¢’| times, where s = ¢’. Therefore, by the induction hypothesis applied to
s and t and the size bound «[s](T"), we have:

lullr < |e'| - max(y[t](T, [€'])) + [[sllz + [[¢]lr + 1
< afs[(T) - max(y[t:)(T, ofs] (1)) +[s](T) +~[](T) +1

This exhausts the cases and finishes the proof. O

4.4 PTIME completeness

Having established polynomial soundness for the simple type system, we now demonstrate that, in
principle, any polynomial time algorithm can be expressed expressed in simply typed Pola. Hence
Pola is complete for polynomial time computations.

A Turing machine with k states and 2 symbols can be represented by the type:

M =F; ® F3 ® L(Bool)*?
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where F, is a finite type representing the states of the machine and F3 is a finite type representing
the current symbol: either 0 or 1 or blank b. The tape is split into a left and right part and is
represented by the two lists of booleans®. The transition function of the machine is encoded by a
purely player program:

step: M - M

and there is a player program for initializing the machine init : L(Bool) — M which writes the
input on the right tape and puts the machine into the initial state, and a player program out :
M — L(Bool) for returning the result of the computation. The program for iterating the transition
function n times is given by:

iter(n|m) = fold f(#,m) as
Zero.m
Succ(_|z).step(f(z,m))
in f(n,m)

Now, suppose we have a Turing machine which runs in polynomial time p(z) in the size of its
input. As Pola can represent polynomials of arbitrary size, there is an opponent Pola program
P(x) representing p(z). The full computation of the machine is then represented by the program
out(iter(P(len(x))|init(z))) : L(Bool) | — L(Bool). It is in this sense that Pola is complete for
polynomial time computations.

4.5 Coinductive types

One of the novel features of Pola is the ability to define coinductive types. At first glance it might
seem surprising that one can define, for example, infinite lists in Pola and remain in polynomial
time. But the polynomial bound remains intact because all coinductive terms in Pola are evaluated
lazily. In the categorical semantics the player world is affine closed and has cartesian products. In
Pola these are coinductive lazy constructs and are introduced in this section.

Coinductive data is defined with a specification of the form:

data X — A(A,B) ={D; : A, X — Gi(X, B)}iz1,..k

where G = G X -+ x Gy is a player functor, and A is a list of (contravariant) parameter types
and B is a list of (covariant) parameter types. This formulation expresses the fact that these are
(parameterized) final polarized algebras. Some simple examples of coinductive types are given in
Figure 5. Notice, in particular, that cartesian products can be defined in Pola, and higher-order
capabilities are added with the addition of linear function spaces. Also note that two sorts of
infinite lists can be defined using the cartesian product in the first case and the tensor product
in the second case. When a coinductive term is created it is wrapped up in a record waiting
for destruction. The requirement that evaluation only proceed upon destruction is crucial for the
polynomial time soundness of the system.

The fixed point rules for coinductive types and the unfold box rule are given Figure 6.

For example, the destruction rule together with the record rule (for k = 1) give the usual rules
for linear function spaces. Indeed, we shall sometimes write Az.t as short for the record (Eval : z.t),
though the former expression is not officially part of the syntax of the language.

8Note that two tape symbols suffices as the three symbols 0, 1 and b can be encoded, respectively, as, for example,
01,10, and 00, with the machine reading two symbols at a time.
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Head: X — B

data X — Infy(B) = {T Doy
all : —

data X — Infa(B) = {Next X >B@X

PO: X — A

dataX—>A—oB:{EvaI:A,X—>B data X — Ax B =
P1: X — B

Figure 5: Coinductive data types

/ F‘AlksAz F|A2FtA<A,B) \

T | AlaAZ F Di(sat) : GZ(A(A7B)7B) dest.
{T] A a;: A -t 0 Gi(A(A, B), B)}|
T [AF (D ait;): A(A,B) ree
VX
r|E-L X]
{ [a;:Ay,y: Ew—t;:Gi(X,B) }izl L
T | E - A(A, B)]
L|Abs:Y
I'| At unfold g(y) as (D; : a;.t;) ins: Y unfold

Figure 6: Coinductive typing rules
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allnats = unfold g(x) as map(f|l) = unfold g(l) as

Head : z; Head : Eval(f, Head(l));
Tail : g(Succ(z)) Tail : g(Tail(1))
in g(Zero) in g(l)

Figure 7: Pola coinductive examples

4 N

g=My.(---),TFs=ce
I' - unfold g(y) as (---) in s = e

'k (Di : ai.ti) = (F | D, : ai.ti)

I'tr=(I"|Di:ait;) Ths=¢ aj=¢I"Ft;j=e
I'EDj(s,r)=e

N /

Figure 8: Operational semantics: coinductive

Corecursive programs are defined using the unfold syntax, whose typing rule (the unfold box)
is given in Figure 6. Some simple examples of programs which use the unfold syntax are given
in Figure 7. The first creates an infinite list of natural numbers and the second applies a player
function to each of the elements of an infinite list to create a new infinite list. The evaluation
procedure for coinductive terms is lazy and is discussed in the next section.

4.6 PTIME soundness with coinductive types

Provided coinductive terms are evaluated lazily the system remains polynomial sound, as demon-
strated by the proofs of the following two theorems. Before we state and prove the theorems it
is necessary to extend our notion of normal form element to records with context (I' | D; : a;.t;).
As not all records — e.g. infinite lists — can be interpreted as an N-sized set, we shall simply
decree that all records have size zero. Clearly this is an oversimplification as products and even
higher-order functions can be assigned a meaningful size (recall N-sized sets is affine closed with
products). Nevertheless, to simplify the proofs, we shall only derive bounds for programs with
inductive inputs.

In principle there does not seem to be any difficulty in extending the result for coinductive
inputs; however, more bookkeeping is required as the bounds will now depend on the bounding
functions involved with unfolding the data type. By assuming we have inductive inputs these are
explicitly present and so no extra bookkeeping is necessary.

Before starting we need to extend our operational semantics to cover the coinductive terms.
Here, terms are evaluated to “weak” normal form — weak in the sense that no reduction occurs
within the body of a record. The rules are given in Figure 8.

Theorem 4.3 (size; inductive + coinductive) Suppose x1 : X1,...,Zn : Xn | Y1 : Y1, .o Um
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Y, b u Y is provable in the type system, where all input types are inductive. Then there exists

a polynomial afu)(xy,...,x,) such that for all normal form inputs e; : X1,...,e, : Xy, and ay :
Yi,...,am : Yo, whenever x1 = e1,...,Tn = €n,Y1 = G1,...,Ym = Gm F u = e in the operational
semantics, le| < p(le1|, ..., len|) + D it |ail.

Notational conventions: when the normal form terms are clear from the context we shall write
s = e instead of T'F s = e and |e| < p(T') + X instead of |e| < p(le1],...,|en]) + Divy lail.

PROOF: We simply check the cases not covered in the previous theorem.

case: u = (D;:a;.t;) and I' | AF u: A(A, B). As the size of a record is taken to be 0, the bound
holds trivially in this case.

case: u = unfold g(y) as (D; : a;.t;) insand ' | AFw:Y. Then ' | AF s:Y. By the induction
hypothesis, s = e with |e| < a[s](T') + A, and so u = e with the same bound.

case: u=Dj(s,r) and I' | A u:G;(A(A,B),B). ThenI' | A1 Fs:Ajand I' | Ay 7 : A(A, B),
where A = Ajy,As. Then for any normal form inputs to I'; A we have by the induction
hypothesis, s = ¢ with |¢/| < a[s](T') + Ay, and r = (', Ay | D; : a;.t;). By the induction
hypothesis we have that ¢; = e with |e| < a[t;](T") + |¢/| + Ag. Therefore:

le| < aft](T) +[e'] + As
< oft](T) + afs)(T) + A1 + Ay
This exhausts the cases and finishes the proof. O

The time calculation with coinductive terms is a little more subtle because it is no longer the
case that the computation inside of a box is constant time (in a fixed opponent context). So the
time bound for the evaluation of a recursive function f must be revisited.

Theorem 4.4 (time; inductive 4+ coinductive) Let ' | X Fwu: Y, where ' =21 : Xy,... 2, :
Xpand ¥ = y1 : Y1,...,ym Y, and all input types are inductive. Then there is a polyno-

mial y[u](z1,...,2,) with the property that for any normal form inputs, e; : X1,...,e, : X, and
a1 : Y1,...,Ym : Ym, the size of the evaluation tree of x; = e;,y; = a; F u = e is bounded by
Yul(leal, - - lenl)-

Notational convention: when the normal form elements are clear from the context, we write
||u||7 to denote the size of the evaluation tree of x1 = e1,...,Zn =€p,Yi = a1,.. ., Ym =am - u=e
in the operational semantics.

PrOOF: We argue the cases not covered in the inductive proof and revisit the the recursive function
f case.

case: u = (D; : a;.t;) and I' | AF u: A(A, B). In this case the term reduces to a record. As the
body of the record is not evaluated until destruction, this is constant time.
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case: u = unfold g(y) as (D; : a;.t;) in g(s) and I' | A u: A(A,B). ThenI' | A+ s: E and for
each i, I' | a; : Aj,y: EFt;: Gi(A(A, B), B). In this case:

ullz < [Isllz+1
< AT +A+1

case: u=Dj(s,r) and I' | A u:G;(A(A,B),B). ThenI' | Ay Fs: Ajand I' | Ay -7 : A(A, B),
where A = A, Ay. In this case r = (I'; Ay | Dj : a;.t;) in constant time. By the induction
hypothesis, t; = e in time bounded by ~[¢;](I"). Therefore:

sl + 1tz + lIrllz + 1
YIs)(T) +~[E)(T) + &

lullr <
<

where k is a constant.

case: u = f(s,t) and I' | AF w:Y. ThenI' | Fs:A(B), T | Akt : E and Iz} :
Fi(A(B),B) | z; : F;(X,B),y: EFt;:Y. By the induction hypothesis, we have time bounds
y[t:](T, z}) 4+ d; where d; is a polynomial which represents the potential time bound associated
with the destruction of the coinductive terms. The point is that d; is not constant! Initially,
d; is bounded by the potential time associated with ¢, but this potential can be increased by
a polynomial ~[t;]F (T, 2}) with each evaluation of the box. If s = ¢’, then there can be at
most |e/| evaluations of the box, hence d; is bounded by:

ri = [¢'| - max(y[t:] " (T, |¢'])) + y[]"(T)
So the time cost for one evaluation of the box is bounded by:
max(y[1] (T, €']) + rs)
and the time bound for the entire evaluation of f is given by:
lullr < e - max(y[t:](T, [€']) +7:) + sz + It 7 + 1
< afs)(I) - max([t:)(T, afs](1) +75) +[s](1) + [ (1) + 1

This exhausts the cases and finishes the proof. O
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5 Bunched Pola

Pola’s simple type system is reasonably expressive; however, there are nevertheless certain natural
polynomial time programs, for example insertion sort, which can only be expressed in a machine
level style of programming. To remedy this situation, Pola uses a construct called “peek”: this is
a case construct with a relaxed typing:

' AFs:Bool T'|AFt:Y T'|AkFty:Y
I'| AF peek s of {True.t;;False.ta} : Y

Peeking introduces non-affineness into the player world, as the context A appears both in the
condition of the peek and in the bodies. The peek and the pcase have the same operational behaviour
and the polynomial size bound remains intact for this new construct. Indeed, if t; = e; with |e;| <
aft1](T) + A and ty = ey with |ez| < afta](I') + A, and s = b, then peek s of {True.t;;False.to} = e
where e = eq if b = True and e = ey if b = False. Thus:

le] < max(a[t](T), aft2)(I') + A

However, the time bound is no longer polynomial as it is not the case that the number of evaluations
of the fold box is bounded by the number of constructors in the subject of the recursion. Indeed,
there is enough power to encode PSPACE complete problems as we now demonstrate.

5.1 PSPACE completeness and QSAT

The peek construct provides enough computational power to program PSPACE-complete problem:
this is demonstrated by explicitly giving a Pola program for evaluating closed quantified boolean
expressions, QSAT, a well-know PSPACE complete problem.

We begin by defining the data type of quantified boolean formulas:

T:1-C
F:1-C
And:C,C — C
data QBF — C = Or:6,0—=C
Not: C — C
All.C - C
Ex:C—C
Var: Nat — C
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The encoding () of quantified boolean formulas is defined inductively by:

t) = T

(f) = F

(xy = Var(n)
(AY) = And({(9), (¥))
(V) = Or((¢), (V)
(m¢) = Not((¢))
(Fr.9) = Ex((9))
(Vo.¢) = All((¢))

where n is the number of quantifiers between the variable and the quantifier which binds it in the
syntax tree. For example, the formula:

¢ =3Jx(VMy(x Vy) AVz(z A x))

is translated as:
Ex(And(All(Or(Var(1), Var(0))), All(And(Var(0), Var(1)))))

We shall also require a boolean type with a fail state, Boolg,;, and the following auxiliary program:

lookup(zly) = fold f(#,y) as
Zero.pcase y of

Nil.Fail
Cons(h, t).h
Succ(_|n).pcase y of
Nil.Fail
Cons(h,t).f(n,t)
in f(z,y)

The program gsat : QBF | — Boolg,; for evaluating a totally quantified boolean formula is defined
as follows:

gsat(z| ) = fold f(#,y) as
T.True

F.False

Var(n|-).lookup(n|y)

And(_|a1, _|ag).peek f(a1,y) of {True.f(aq,y); False.False}

Or(_|a1, _|az).peek f(a1,y) of {True.True; False.f(az2,y)}

Not(_|a).pcase f(a,y) of {True.False; False.True}

Ex(_|a).peek f(a,Cons(True,y)) of {True.True; False. f(a, Cons(False,y))}

All(_|a).peek f(a,Cons(True,y)) of {True.f(a,Cons(False,y)); False.False}
in f(z, Nil)

Notice that the peek construct is used repeatedly in this encoding.
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5.2 Distributivity

In our affine setting, the peek rule, as stated above, is interpreted as a kind of distribution law,
namely, the distribution of products over finite types F, = 1+ --- 4+ 1 (k times). It seems more
natural to assume that in the player category products always distribute over coproducts, not just
over the finite types. In this case, we demand that there is a purely player map:

§:X x (A+ B) — (X x A) + (X x B)

inverse to the canonical one in the reserve direction. In intuitionistic logic with “coproducts-in-
context” this rule is easy to prove:

XFX AR A XX BFB
X, AFX X,ArFA X,BFX X,BFB
X, AF X x A X,BF X xB

X, AF (X xA)+ (X xB) X,BF (X xA)+ (X xB)
X,A+BF (X x A)+ (X x B)
XXx(A+B)F (X xA)+ (X x B)

In the affine setting a similar proof works by replacing x by ® and it expresses the fact that tensor
product distributes over the coproduct. Products, of course, can be added to the affine setting with
coinductive data but this will not force a distributive law for products over coproducts

In order to express this distributive law type theoretically it is convenient to move to a bunched
type system [22]. In the bunched setting, the player context is a bunched context defined as follows:

Yu=0lz:A|5,2 |52
where ¢’ is interpreted as a tensor product and ‘;’ is interpreted as a cartesian product (both
are assumed to be associative and symmetric). The bunched type system also facilitates pattern-
matching in Pola and allows Leivant-style data types to be defined, adding to the expressiveness of
the language. Furthermore, as we shall show next, the bunched system is PSPACE sound.

5.3 The bunched type system

Pola’s bunched type system extends the simple type system by incorporating the full distribution
law for products over coproducts. This greatly increases the expressive power of the language and
also facilitates pattern-matching. We prove that the system is PSPACE sound; in later sections we
shall show that disallowing certain types, e.g. higher-order, from distributing over the coproduct
cuts the system back down to PTIME.

In the bunched type system sequents have the form:

X+t A

where ¥ is bunched and T is unchanged from the simple type system. The notation ¥(A) stands
for a bunched context ¥ containing the subtree A. The fold and function call rules as well as the
typing rules for coinductive terms are the same as before (interpreting player contexts as bunched
contexts) and so are not reproduced here. The bunched typing rules for the basic system are
summarized in Figure 9.
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/ NYXz:A)kt:C \

x:AeForZ,d it
Nkz:A ! Fe:A|X)Ft:C !
' Fs:A Tho:A|XFt:C F'NAkFs: A I‘|E(JC:A;A)|—25:C'Cut
Cuto
I'| Xkt where {z =s}:C " I'| Z(A) -t where {z:=s}:C i
¥ kt:A |2+t :B I'AFs:A®B T |Z(xz:Ay:B;A)Ft:C
I'|X,%F (t1,t2) : A® B I'| 2(A) b peek s of (z,y).t:C
X+t :A T|ZHty:B I'Abs:AxB T|X(xz:A;y:B;A)Ft:C
|2k (t1;t2) : AX B | 2(A) I peek s of (z;y).t:C
I'|AFCi(t): A(B) T'| X+ case s of {Ci(xz;).t;}:C
I'NAFs:AB) {T'|3(x;: Fi(B,A(B));A)Ft;: Cliz=1,..k
' | X(A) F peek s of {Ci(z;).t;}: C

- J

Figure 9: Bunched typing

Notice that product “;” is now a primitive of the language; however, products are still evaluated
lazily. The typing of the peek rule needs some explanation. The context A appears both in the
typing of the subject of the peek and in the typing of the branches of the peek. This means that
a branch of the peek can either use the variables corresponding to the deconstructed term in the
subject of the peek or the variables in the context A, both not both. This same typing has been
incorporated into all of the peek rules and into the player cut rule as well.

A special case of a bunched context is the flat context consisting entirely of “,”’s. It is straight-
forward to prove the following result:

Proposition 5.1 Suppose a term t is well-typed in the simple type system. Then the term t*,
where pcase has been replaced by peek, is well-typed and has the same typing in the bunched system.

The peek rule embodies the distribution law of products over coproducts:

dist(|x) = peek P1(z) of
In0(z).(PO(z); 2)
In1(z).(PO(z); 2)

where = : X x (A + B). This generalizes the previous system by allowing peeking on arbitrary
inductive types, not just on the finite types.

Every Hofmann-style data type has an analogous Leivant-style one, obtained by replacing the
tensor “,” by a product “;” in the definition. For example, a Leivant tree is defined by:

LLeaf : A — X

data LT(A) —» X =
LNode: X; X — X

46



LTree(x|) = fold f(#) as and(|z1;22) = peek z; of

Zero.LLeaf(Zero) True.xo
Succ(-|n).LNode(f(n); f(n)) False.False
in £(2)
andLT(z|) = fold f(#) as id(xz|) = fold f(#) as
LLeaf(b).b Zero.Zero
LNode(_|b1; _|b2).and(b1; b2) Succ(_|n).peek f(n) of
in f(z) Zero.Succ(f(n))
Succ(-).Succ(f(n))
in f(2)

store(z|) = fold f(#,a) as
Nil.a
Cons(z, zs).peek Eval(a, Nil) of
Nil. f(xs, Av.Cons(z, Eval(a, v)))
Cons(_, ). f(xs, Av.Cons(x, Eval(a, v)))
in f(I, \z.z)

Figure 10: Pola examples with bunched typing

Some example programs which are well-typed in the bunched type system are given in Figure 10.
In the next section, we shall show that the bunched type system is PSPACE sound, so the above
programs are exponential time, but polynomial space bounded. We have already seen that PSPACE
complete programs can be programmed with peeking (on booleans) so the bunched type system is
also complete for PSPACE computations.

5.4 PSPACE soundness

In this section we prove that Pola’s (pure) full type system is PSPACE sound. Although the typing
discipline now has bunched contexts, terms are evaluated according to the operational semantics
already given in Figures 4 and 8 (recall that peek is evaluated in the same way as pcase). We should
note however that the term (¢1;¢2) is interpreted as a record (PO : ¢1,P1 : t2) and peek s of (x1;x2).t
is interpreted as t[z1/P0(z),z2/P1(z)] where z = s. Recall that in the simple type system records
were taken to have size 0 and meaningful bounds were obtained for inductive inputs only. In the full
type system products are inductive — though still evaluated lazily — and are assigned a meaningful
size as follows: If {1 = e; and ty = ea, then we define |(¢1;t2)| = max(|e1], |ez2|).

Notational convention: let 3 be a bunched context consisting of variables y1 : Y1,...,ym : Y.
Given normal form inputs ay : Y1,...,an : Yi,, we define |3| inductively as follows:
0 = 0
i Yi| = |asl
31,52 = [Za] 4 [32]
[X1:3] = max(|Z1], [32])
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In this section we handle both the inductive and coinductive cases at once. We first prove that
well-typed terms evaluate to a weak normal form which is polynomially size bounded:

Theorem 5.2 (size; bunches) Suppose ©1 : Xi,...,2, : X,, | ¥ F u : Y is provable in the
bunched type system, where y1 : Y1,...,ym : Y are the variables in X2, and all inputs are inductive.
Then there exists a polynomial alul(x1,...,x,) such that for all normal form inputsey : Xi,... ep :
Xnand ay : Y1,...,am @ Y, whenever x1 =e€1,...,Tp = €n,Y1 = A1y, Ym = Gy = u = € in the
operational semantics, |e| < p(le1],...,|en|) + |X].

PRroOF: We argue by structural induction on u. The recursion and coinductive cases are exactly as
before, so we only consider the cases that require a new argument. A note about the recursion case:
the previous (size) arguments relied on the fact that the number of recursive calls in the evaluation
of a recursive function was bounded by the size of the data type being recursed on. In the bunched
setting, this is no longer the case as peeking allows both components of a product to be evaluated
(and both components can have a recursive call). However, only one component of a product can
contribute to the size change in a box so the previous bound remains valid.

case: u =t where {x:=s}and I' | E(A)Fu:C. Then' | AFs: Aand ' | E(zx: A;A)Ft:C.
By the induction hypothesis we have s = €’ with |¢/| < a[s](T") + A and t = e with |e] <
aft)(T) + X(le'[; A). Then:

lel < aftlT) +2(le'|; A)
< aft](T) + E(als|(T') + A; A)
< aft](T) + afs|(T') + 5(A)

case: u = peek s of (z1,z2).t and T' | X(A) I peek s of (z1,22).t:Y. ThenT'| AL s: X ® Xy
and T' | X(x1 : Xy,22 : Xo; A) F¢: Y. By the induction hypothesis we have s = (e, e2) with
|(e1,e2)] = |e1] + |e2] < als] + A and t = e with |e] < a[t](I") + X(|e1| + |e2|; A). Then:

aft](T') + X(lex] + leal; A)
aft](T) + %(als|(T) + A; A)
aft](T) + ofs|(I') + %(A)

le]

IN A IA

case: u = (t1;t2) and I' | ¥ F (t15t2) : X1 X Xo. Then I' | ¥ ¢ : Xy and ' | ¥ F ¢2 : Xo. By the
induction hypothesis, t; = e; with |e1| < a[t1](I') + £, and to = ey with |ea| < a[t2](T) + X.
Recall that (¢1;t2) is a record so it is already in (weak) normal form and:

7| < max(ler], |e2])

; max(aft1](T), aft2](T')) + X

case: u = peek s of (zy;z9)t and I' | E(A)Fwu:Y. ThenT' | Ak s: Xy x Xo and T' | 3(zy :
X1;29 1 Xo;A) F t: Y. By the induction hypothesis, s = r with |r| < a[s](I') + A and t = e
with |e| < aft](T") + 3(|r|; A). Then:

le]

A IA
2
H
+
Q
=3
Gt
_l_
o
b
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case: u = peek s of {Cij(z;).t;} and T' | X(A)Fw :Y. ThenT' | AF s: A(B) and T' | X(z; :
Fi(A(B),B); A) Ft; : Y. By the induction hypothesis, s = C;(¢’) with |C;(e')| < a[s](I')+ A,
and t; = e with |e| < aft;](T") + X(]e’|; A). Then:

e < aft](T) +2('[; A)
< ofty](T) + Z(afs](T) + As A)
< ofty](T) + ofs|(T') + Z(A)
< max(afti](I) + ofs)(I) + X(A)
This exhausts the cases and finishes the proof. O

Next we show that every well-typed Pola program is polynomial space bounded.

Theorem 5.3 (space; bunches) Let z1: X1,...,z,: Xy | X Fw: Y, where the yy : Yi,...,ym :

Y., are the variables of ¥, and all inputs are inductive. Then there is a polynomial B[u](z1,. .., %)
with the property that for any normal form inputs, e1 : X1,...,en: Xp anday : Y1,...,am : Y, the
space required in the evaluation of x; = e;,y; = a; Fu = e is bounded by Blul(le1], ..., |en|) + |X]|.

Notational convention: when the normal form elements are clear from the context, we write |lu/|g
to denote the space required to evaluate x1 =e1,...,Tn = €4, Y = A1,...,Ym = Gy — U = € in the
operational semantics.

ProoOF: We argue by structural induction on .

case: v =« is a variable. If I,z : X | ¥ F z: X, then SBu](T',z) = 2; if I’ | ¥(z : X) F 2 : X, then
Alu](T) = 0.

case: u =t where {z:=s}and ' | E(A)Fu:C. ThenT |Ats:Aand T | E(z: A;A)Ht:C.
If s = € then:

lulls

(VAN VAN VARSI VAN

case: u=t where {z =s}and ' |XFwu:C. ThenT'| Fs:AandT'|XFt:C. If s = ¢ then:
max(3[s](T), BT, [¢']) + £)

max([s](I'), B[t[(T, afs](T")) + %)

max([s](I), B[E](T, afs](T))) + %

case: u = (t1,to) and I' | X F u: X1 @ Xo, then I' | ¥y F ¢ : Xy and T' | o = to : Xy, where
X =3%1,29. If t{ = e1 and ty = ey then:

lulls

ININ A

lulls = max([[ts]ls +[eal, [e1] + [[t2]ls)
max(B[t1](I) + 21 + afto](T) + S2, aft1](T) + X1 + Blt2](T) + 52)

<
< max(B6])(T) + alt2)(T), alt)(T) + Blt2)(T)) + T1 + o
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case: u = (t1;to) and ' | B Fwu: X3 X Xo, then T' | X F ¢ : X7 and ' | ¥ F ¢ : Xo. Recall that
this is a coinductive record and that no computation takes place until destruction. The space
requirements for a record, then, are the space required to store the context and a constant
factor to store the unevaluated code. This gives a bound of the correct form.

case: u = peek s of (z1,z2).t and I' | X(A) - peek s of (z1,29).t:Y. Then ' | Al s: X; ® Xy
and T'| 3(z1 : Xq,22: Xo;A)Ft: Y. If s = €, then:

lulls < max(||s]s, B[EIT) + 2(le']; A))
< max(Bs|(I) + A, BE)(T) + X(als](T) + A5 4))
< max(Bs|(I') + A, B(T) + afs|(T) + X(A))
< max(f[s)(I'), B[](T') + a[s](I") + X(A)

case: u = peek s of (z1;22).t and T' | ¥(A) F peek s of (z1;22).t : Y. ThenI' | A F s:
X1 x Xoand T' | ¥(zy @ X322 @ Xo;A) B t @ Y. Recall that u is short for the term
t[x1/P0(z), z2/P1(z)] where {z = s}. Supposing P0(s) = e; and P1(s) = ey then:

BIEIIT) + X(|2[; )

BE(T) + S(als](T) + A; A)

BIHIT) + afs)(I') + %(A)

case: u=Ci(t) and I' | X Fw: A(B). Then I' | ¥ Ft: F;(A(B), B). Then:

lulls

IA A IA

lulls = [ltls +1
< BT +1+32

case: u = case s of {Cj(x;).t;} and ' | X Fw:Y. ThenT'| Fs:A(B) and I',z; : F;(A(B),B) |
Yt Y. Suppose s = C;(€’), then:

lulls < max(llsls, B[t;](T, |€']) + X)
< max(B[s)(I), B[t;
S .

B
masx(B[s](T), Al

case: u = peek s of {Ci(x;).t;} and T' | 3(A

I JFu:Y. Then ' | AF s:A(B) and I' | X(z; :
E(A(B),B) A)Ft; Y. If s = Cj(€'), then:

lulls < max(|[s]|s, B[t;](T) + S(e'; A))
< X( [s](T) + A, BlE5](T) + X(afs|(T) + A5 A))
< X(ﬂ[S]( )+ A, B[)(I) + afs)(T) + X(A))
< max(G[s](I), B[] (T") + als](I) + E(A)

case: u = fold f(#,y) as {C;(z}|x;).t;} insand ' | AFw:Y. Then'| At s:Y and:

lullr < llsllz +1
< BT +A+1
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case: u = unfold g(y) as (D; : a;.t;) insand I' | AFu:A(A,B). Then ' | At s: A(A, B) and:

sl +1

lullr <
< B +A+1

case: u = f(s,t)and ' | Ak w:Y. Then'| Fs:A(B),I'| Art:Eand T, 2} : F;(A(B),B) |
zi: F;(X,B),y: EFt;:Y. Suppose s = C;(€’) and u = e, then:
lulls < lel - max(B[t:](T, |€')) + [Islls + [Itlls
< afs|(I) - max(S[t:](L, als](T))) + B[s)(L) + AT) + A

case: u = (D;:a;.t;) and I' | A wu: A(A, B). Then for each i, I' | a; : A;, A+ t; : Gi(A(A, B), B).
Again, this is a lazy coninductive record, and the argument is the same as the product case
above.

case: u = Dj(s,t) and I' | A u:Gi(A(A,B),B). ThenT'| AjFs: A;and ' | Ao Ft: A(A, B),
where A = Ay, As. If s = €/, then:

lulls < max([|s[|s, B](T) + €| + Az)
< max(Bls)(T) + A, BE)(T) + afs)(T) + Ag + Ag)
< max(8[s)(D), B](I) + als)(I)) + Ay + Ag
This exhausts the cases and finishes the proof. O

As any PSPACE algorithm can be simulated in exponential time, we expect an exponential
time upper bound for the full type system:

Theorem 5.4 (time; bunches) Let x : X1,...,2, : Xy, | X Fwu: Y, wherey; : Yi,...,Ym : Y
are the variables in X, and all inputs are inductive. Then there is a polynomial vy[ul(x1,. .., zy)
with the property that for any mormal form inputs, e1 : X1,...,en : Xy and a1 : Y1,...,0m : Y,
the size of the evaluation tree of x; = e;,y; = a; = u = e is bounded by o[ul(lerls--slenl)

Notational convention: when the normal form elements are clear from the context, we write ||u||r
to denote the size of the evaluation tree of x1 = e1,...,Zn = €n,Yi = A1, .-, Ym = G F u = e in
the operational semantics.

ProOF: The proof is by structural induction on the term u. This time we only give the inter-
esting cases:

case: u =t where {r =s}and ' |XFwu:C. ThenT' | Fs:AandT,z: A|XFH¢t:C. If s=¢
then:

fullr < 27BIO 4 MTIED 4y
< V@A T afs)(I))+1

Notice the use of the (polynomial) size bound « here.
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case: u = f(s,t)and ' | Ak w:Y. Then'| Fs:A(B),I'| Art:Eand T, 2} : Fi(A(B),B) |
z; : Fi(X,B),y: E+t; : Y. By the induction hypothesis, there are polynomials ~[t;](T', 27)
such that 2m2xi(V[ti]) hounds the time to evaluate a box. Suppose s = €/. As both projections
of a product may be evaluated, the number of recursive calls is bounded by 2€'l not by |€/|
as before. Therefore the number of evaluations of the box is bounded by:

lul|p < 2l gmaxi(ylta))
< ZC"[S](F)'i'maXi(’V[ti](F,a[s}(f‘)))

The other cases are treated similarly. O

5.5 ELEMENTARY soundness and completeness

If duplication is allowed in the player world then Hofmann-style data types and Leivant-style data
types are isomorphic, and the exponential function 2% can be defined by building an exponential
size tree and counting its leaves. More explicitly, the program for building an exponential size tree
is given by:
HTree(z|) = fold f(#) as
Zero.Leaf(Zero)
Succ(_|n).Node(f(n), f(n))
in f()

and the program for calculating the size of of a Hofmann tree is given by:

size(x|) = fold f(#,y) as
Leaf(n).Succ(y)
Node(_|l,_|r).f (I, f(r,y))
in f(x,Zero)

Composing these programs gives a program for the function 2*. So it is possible to program
the functions in the set {n + m,n? rem(n,m),2"}. As the closure of this set under composition
characterizes the class of Elementary time functions, we know that the resulting type system is
complete for that complexity class.

On the other hand, we claim that we get no more than the Elementary time computable
functions. As with all of the bounding arguments in this report, we first establish a bound on
the size of the evaluated terms with respect to the sizes of the input arguments. A now familiar
structural induction on terms shows that if ' | A+ ¢ : Y and ¢t = e, then there exists a fixed height
n such that:

o] < exp(IT]) - 4]

The important case in the argument is the bound on a recursive function f(s,t). In this case, if
s=¢€,t=¢€" and f(s,t) = e, then:

e < exp3 (T - Je”|

where exp4(|I'|) is the multiplicative factor bounding the size change in the evaluation of the
box. This is a bound of the correct form. Another structural induction on terms shows that if
' AF w:Y, then there exists a fixed height n such that:

lullr < expy (|T')
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Thus we have established:

Theorem 5.5 Pola’s full type system with the assumption that the affine tensor and the product
in the p-world are identified is sound and complete for the ELEMENTARY complezity class.

Obviously, if the tensor and product are isomorphic, then the player category is cartesian closed
and hence distributive.
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6 PTIME within PSPACE

The model of computation that we have developed here strictly contains the traditional model
of computation in that there are many new types, given by data declaration (both inductive and
coinductive), which are not traditionally considered. These new types allow a number of distinctions
which are not available in the traditional setting. In particular, the relationship between PTIME
and PSPACE is much sharper in this setting due to the presence of lazily evaluated coinductive data.
In fact, as we shall discuss there is an immediate separation between PTIME and nondeterministic
polynomial time (NP). This section opens with a discussion of these matters and the manner in
which “nondeterminism” is interpreted in the present setting.

The section ends on a more practical note: namely on the business of cutting down bunched Pola
to PTIME. Clearly, it is not possible to provides a system which detects ezactly when a PSPACE
program actually runs in PTIME, thus, any such system is going to involves some pragmatic choices.
Here we suggest a simple system, which obtains a significant increase in expressive power over the
simply typed Pola. It works by simply disallowing contraction of coinductive and universal types.
This immediately means that the system strictly includes the simply typed system (which as it
was affine never allowed contraction) — so it is PTIME complete. Inevitably, it also disallows some
programs which obviously have a PTIME behavior.

6.1 Nondeterminism

Recall that the size of a Leivant tree is its height (the maximum size of its branches). This is
because, in the simply typed system of Pola, one is prevented from exploring both branches of such
a tree as one can only affinely perform one projection. This intuitively means, that, in the simple
type system of Pola, a Leivant tree can only be used by generating a series of choices of projections
in order to reach a leaf. The series of choices that this entails determines a path in the tree and
this we shall as a “certificate” to surmount the nondeterminism which is represented by the tree.
In the (pure) full type system of Pola, by way of contrast, one can explore both branches of
a Leivant tree as demonstrated by the program for evaluating the disjunction of a Leivant tree of
booleans:
OrLT(z|) = fold f(#) as
LLeaf(b).b
LNode(z).peek f(PO(z)) of
True.True
False.f(P1(z))

in f(z)

Note that to achieve this the universal variable z has been distributed by the peek: it is this
which produces the exponential number of recursive calls and whence an exponential time (albeit
PSPACE) program.

It is significant that any program for calculating the disjunction of a Leivant tree of booleans
must have an exponential time behavior as, in the worse case, the program must inspect every leaf
of the tree. The point is that a program written for an arbitrary Leivant tree cannot know what
value a given leaf will take unless it forces the evaluation of that leaf to discover the value. On
the other hand any program which never evaluates a particular leaf cannot possibly compute the
disjunction correctly as it will not be able to distinguish between the tree which is false everywhere
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and the tree which is true only at that leaf (both these Leivant trees can be easily constructed in
the simple type system for Pola).

To make things more precise we also have to consider algorithms which, depending on values
of certain leaves, will inspects certain other leaves; such an algorithm may on any particular value
never inspects all the leaves, yet there may be no leaf which the algorithm never evaluates. However,
by considering the tree which is everywhere false any such algorithm cannot fail to evaluate a leaf of
this tree as if it did we would then be free to flip the value of that leaf — to make it true — without
affecting the output (which would mean the algorithm did not implement OrLT). Therefore on
this tree the program is forced to spend exponential time. Indeed, every algorithm for OrLT must
visit all the leaves in a particular order: however, clearly the minute it finds a True leaf it cannot
do better than to declare immediately that the answer is True. This means that even the average
running time of the algorithm must be exponential.

Thus we may conclude:

Proposition 6.1 There is no PTIME program in the pure full type system of Pola which imple-
ments OrLT.

We should pause here to say what we actually mean by a PTIME program in bunch typed Pola.
We mean a program which, when supplied with arguments, has its running time (in the sense used
here) bounded by a polynomial in the sizes of its arguments. We are guaranteed that this includes
all programs in simply typed Pola, however, by serendipity or for other reasons (e.g. as described
shortly) there could be many others. Thus, PTIME is being used here in an essentially standard
way.

We now wish to argue that OrLT is a nondeterministic polynomial time (NP) predicate: to do
this we shall follow the spirit of the presentation in [3] in which the idea of “leaf complexity” was
introduced. Given a tree t which evaluates to True under OrLT one can easily produce a “certificate”
by modifying the program:

CertOrLT ::  LTree(Bool)| — SF(BNat)
(] ) = fold f(#) as
LLeaf(True).SS(End)
LLeaf(False).FF
LNode(z).peek f(P0(z)) of
SS(n).SS(BO(n))
FF.peek f(P1(z)) of
SS(n).SS(B1(n))
FF.FF
in f(x)

As the program which produces the certificate is in PSPACE the size of the certificate is automati-
cally polynomially bounded. Notice that the program actually produces more than a “certificate”:
it either indicates that there is no path which ends at True by returning FF, or that there is such a
path which it provides as a binary natural number n by returning SS(n). Given such a certificate
it is then easy to produce a PTIME program — actually one in the simple Pola type system — which
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verifies that the tree has True at that leaf:

CheckOrLT ~ ::  SF(BNat)|LTree(Bool) — SF(Bool)
(FF|t) = SS(False)
(SS(n)|t) = fold f(#,1) as

BO(n).pcase t of
LLeaf(b).FF
LNode(t).f(n, PO(t))

B1(n).pcase t of
LLeaf(b).FF
LNode(t).f(n, P1(t))

End.pcase t of
LLeaf(True).SS(True)
LNode(_).FF

in f(alt

More precisely what the verifying program does is to report the predicate is successfully False,
returning SS(False), when no path is provided by the certificate finder and otherwise it checks that
the path does actually lead to a True leaf, returning SS(True). If the certificate makes no sense it
returns FF.

Thus OrLT is, in this sense, an NP problem. In fact, we may define p : A — Bool in Pola to be
an NP problem precisely when there is a PTIME factorization of p through OrLT:

A EA. LTree(Bool)
X %
Bool

Thus, OrLT is by defnition an NP-complete problem. To see that this is sensible observe that to
specify a nondeterministic polynomial time Turing machine for a problem is (following the ideas in
[3]) exactly to specify a PTIME map to LTree(Bool). The path to a leaf provides the string of bits
for the PTIME Turing machine which constitutes the computation to deternine whether the leaf is
true or false.

This discussion is to support the observation:

Corollary 6.2 In bunched Pola, PTIME £ NP.

While not wishing to minimize the importance of this observation, it is worth pointing out that
this is not the classical P versus NP problem which is quite tightly specified on the binary natural
numbers (or lists of booleans). Indeed, a little bit of thought will make one realize that SAT, in
Pola, is no longer even an NP-complete problem! This is because, in particular, OrLT cannot be
reduced to it. So, not all PTIME settings are equal! Here it is the presence of coinductive data
which allows this easy distinction. Of course, arguably a reasonable polynomial time programming
setting should support coinductive data!
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6.2 The polynomial hierarchy in Pola

It seems reasonable to ask, given the above, whether the whole polynomial hierachy (provably)
separates in Pola. We believe that this is the case and, here, discuss why this might be expected.
In Pola the generic coNP-complete problem is given by

AndLT(z|) = fold f(#) as
LLeaf(b).b
LNode(z).peek f(PO(2)) of
False.False
True.f(P1(2))

in f(z)

A certificate for this coNP problem is, of course, a path to a false leaf which demonstrates the
predicate is false. There is no PTIME program in Pola which can turn a coNP-complete problem
into a NP problem as, in particular, such would mean that there would be a PTIME map f such

that

LTree(Bool) - O LTree(Bool)

AndLT %

Bool

However, if f sets even a single leaf of the codomain tree True it must inspect all the leaves of
its domain as they must all be true. This immediately means that f in the worst case must be
exponential and so there is no PTIME reduction.

Corollary 6.3 In bunched Pola, NP # coNP.

We may now define inductively:

LTree(AndLT™
LTree(LTree™ (Bool)) Hree(AndLT?) LTree(Bool)

%\ lorLT

Bool

LTree(OrLT™
LTree(LTree™ (Bool)) LTree(OLT). LTree(Bool)

AndLTF lAndLT

Bool

with OrLTY = AndLT® = 1 : Bool — Bool. We claim that OrLT""! is the complete proposition
for ¥,, and AndLT" is the complete proposition for II,, in the polynomial hierarchy. Furthermore,
that there is no PTIME reduction from one to the other for much the same reasons as above: to
know that one should have one of the leaves of the bottom tree in the codomain evaluate to False
involves knowing that all the arguments of the bottom tree in the domain evaluate to False, but
this already involves inspecting exponentially many things. This we claim suffices to show that the
hierarchy does not collapse.
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Usually A, is defined by adding an oracle from II,, or X,,: however, in the context of the
type systems we have been describing the notion of “adding” an oracle does not have an obvious
interpretation. Indeed, if one simply adds OrLT as a p-map to the system one obtains a system in
which the whole hierarchy is included!

6.3 Cutting down to PTIME

Returning to the problem of how to recognize functions such as OrLT as non-PTIME, notice that
the universal type (of the fold) is used in both the condition of the peek and in the body of the False
branch: this means it has been duplicated (a contraction over semicolon) and then used in both
the condition and a branch of a peek (categorically a distribution of a product over a coproduct).
This suggests that, in cutting down to PTIME, one should somehow disallow this combination of
duplication and distribution for universal types. However, this is certainly not enough by itself to
secure PTIME soundness. For example, consider the following program:

ndup(al) = fold f(#,y) as
Zero.Eval(y, True)

Succ(_|n).f(n, Av.and(Eval(y, True); Eval(y, False)))
in f(z, \v.v)

In this case, the universal variable n is not duplicated or distributed. However, the higher-order
parameter y is duplicated and then used as arguments to the and function. The and function,
of course, has hidden in it a distribution which forces the evaluation of both its arguments. This
allows the fold to build up an exponential time computation which is released when the Zero branch
of the program is reached. In this case this unwanted behaviour is caused by the duplication of the
higher-order variable y and the distribution hidden in the and function.

In fact, these two cases essentially capture all the ways one can get outside polynomial time:
one must, inside a fold, duplicate a term which has a potentially non-constant time cost. The
only types which can exhibit such behavior are universal and coinductive types. The difficulty is
to arrange that no such combination of duplication and distribution happens. It may seem that
the best approach to this is to control distributions — as this is where the computational damage
actually happens — however, it is easier to control the duplication end of the problem.

Below we sketch a strategy for cutting down the bunched Pola system to PTIME.

Let us call a type which does not contain any coinductive or universal types distributing.
Note, for example, if X is a universal type, A® X is not distributing even if A is distributing. Then
one way to control this undesirable behavior is by insisting that non-distributing types cannot be
duplicated. Thus what we want to do ultimately is to mark types which are duplicated as they can
be filled only with distributing types. To do this we must be able to detect duplications. A technique
for doing this is as follows, annotate the proofs of our system from the leaves downward. There
are two sorts of annotation: we shall use a hat, A\, to mean the type has never been accessed (has
been weakened) and a bar, A, to mean the type has been duplicated (and so must be distributing).
Note that annotated type is not a new type. Thus, the annotation always applies to the whole
type.

The first stage is to annotate the system to indicate which parts of the context are actually
used. This process starts at the leaves of the proof of the term where variables are accessed or
constants are created. In the former case the id rule is annotated with all the types hatted except
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for the type from which the variable is extracted. In the latter case all the types in the context
are hatted. As contexts are combined the hat annotation is only propagated if all the (premise)
contexts have a hat on that type.

At rules which contain a contraction (i.e. all the peek rules, and the p-cut) we annotate the
fact that a type has been duplicated by a bar: duplication only happens when the contraction is
between two non-hatted types. For example for the peek rule:

T| Fs:Ai+Ay D[S :A;(x:Ay:B)bt1:C T|S(wg:Agi(z:Ay:B))Fity:C
I'|Y(z: A y: B)l peek s of {o1(x1).t1;00(x2).ta} : C

One must then process the remaining rules in the same manner. Peeking on a product always
causes duplication of the subject variable (besides the expected duplication due to the contraction
of the context) unless all but one of the components are not used. Note that the p-cut rule also
contains some contraction and so can result in some barring of types. The fact that the subject of
the cut is barred has no effect: beyond the requirement that the barred type is distributing.

We remark that there is apparently no point in barring types as we can replace barring by
simply inspecting them to see that they are distributing. However, in the presence of a parametric
polymorphic typed system and function definitions one can use the barred types to ensure type
substitutions do not break the barring constrains.

A term whose proof can be successfully annotated in this manner is a cut-down Pola program.
We make two simple observations:

Lemma 6.4 Fvery simply typed Pola program is a cut-down Pola program.

PrOOF: A simply typed proof always gives a bunched Pola proof. However, such a proof never
results in any barring as the system is affine. O

Theorem 6.5 (time; cut-down bunches) Let T' | ¥ F w : Y, be a well-typed cut-down Pola

program with all inputs are inductive. Then there is a polynomial y[u|(x1, ..., x,) with the property
that for any normal form inputs, e1 : X1,...,en : X and a1 : Y1,...,am : Y, the size of the
evaluation tree of x; = €;,y; = a; = u = e is bounded by y[u|(|e1], ..., |en])-

PRrROOF: (Sketch) We first note that the av bound remains correct.

The proof proceeds as before by a structural induction on terms.

The only nonstandard case is that of a recursive function f(s,t) defined by a fold. In that
case, the argument rests on preventing a non-distributing type within the context of a fold from
being duplicated and thus allowing the possibility that one cannot bound the computation with a
polynomial. With this restriction in place, however, the proof proceeds exactly as before. O
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7 Conclusion

This document describes the categorical semantics and type systems underlying lower complexity
systems. In particular it shows how various complexity classes (PTIME, PSPACE, and ELEMEN-
TARY) can be characterized implicitly in this family of type systems.

These type systems underly the development of a PTIME programming language called Pola,
a polymorphic functional style language. Notably this document does not attempt to explain how
type inference is achieved in this language. It is notable that the programming language which
emerges from is surprisingly expressive. However, this document gives little indication of how this
expressiveness plays out in practice nor does are the limits of the expressiveness of these various
systems explored in any depth.

An interesting aspect of these settings is that they do provide a native notion of equality of maps
because the (inductive and coinductive) data types come packaged with the universal properties.
Thus, this means the initial settings come with a term logic with a native notion of equality and it
would be interesting to know how this relates to the various logics [14] which have been considered
already for expressing PTIME and PSPACE. Certainly this expands the scope of the study of these
lower complexity systems to include program equivalence which, a priori, cannot be assumed to be
the same as in more powerful systems.

Also of interest is the behavior of the complexity classes within PSPACE: we have argued that
in this semantics the polynomial hierarchy separates. While we have not been able to see any
direct implication for the classical P versus NP problem, it is natural to wonder whether there may
be. Certainly, this semantics shows that separation can be achieved not only with oracles but also
by moving to richer type systems. Certainly, a striking aspect of this system is that it is a quite
natural interpretation of what PTIME programming should encompass.
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